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Abstract

In this article, we prove the following results.

o We show a mirror theorem: the Frobenius manifold associated to
the orbifold quantum cohomology of weighted projective spaces is
isomorphic to the one attached to a specific Laurent polynomial.

o We show a reconstruction theorem; that is, we can reconstruct in
an algorithmic way the full genus 0 Gromov-Witten potential from
the 3-point invariants.

1. Introduction

Motivated by the works of physicists E. Witten, R. Dijkgraaf, E. Verlinde
and H. Verlinde, B.Dubrovin defined in [Dub96] a Frobenius structure on
a complex manifold. Frobenius manifolds are complex manifolds endowed
with a flat metric and a product on the tangent bundle which satisfies some
compatibility conditions.

In 2001, S. Barannikov showed in [Bar00] that the Frobenius manifold com-
ing from the quantum cohomology of the complex projective space of dimen-
sion n is isomorphic to the Frobenius manifold associated to the Laurent
polynomial 1 + -+, + 1/21 ... 2.

The goal of this article is to generalize this correspondence to weighted
projective spaces. For this purpose we use the theory of orbifolds and the
related constructions. In [CR02] and [CR04], W. Chen and Y.Ruan define
the orbifold cohomology ring via the orbifold Gromov-Witten invariants. The
orbifold cup product is defined as the degree zero part of the orbifold quantum
product, and one computes it via the Euler class of an obstruction bundle.
The orbifold quantum product is defined by the Gromov-Witten potential.
So, as for manifolds, the orbifold quantum cohomology is naturally endowed
with a Frobenius structure.
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On the other side, A. Douai and C. Sabbah (c¢f. [DS03]) explained how to
build a canonical Frobenius manifold on the base space of a universal un-
folding for any Laurent polynomial which is convenient and nondegenerate
with respect to its Newton polyhedron. In particular, in [DS04], the authors
described this construction explicitly for the polynomial wyug + - -+ + wpuy,
restricted to U := {(ug,...,u,) € C"" | ], vy = 1} where wy,...,w, are
positive integers that are relatively prime.

In this article, we compare the Frobenius structures, whose existence is
provided by the general results recalled above, on the orbifold quantum coho-
mology of the weighted projective space P(wo, ..., w,) (A side) and the one
attached to the Laurent polynomial f(ug,...,u,) :=ug + - - + u, restricted
to U (B side).

First we show a correspondence between “classical limits”. To state this
result, we need to introduce some notation. For the A side, we denote by
HZ (P(w, . .., wy,), C) the orbifold cohomology of P(wy, . ..,w,), U the orb-
ifold cup product and (-, -) the orbifold Poincaré duality. For the B side, we
consider the vector space Q" (U)/df A Q"= (U) where Q"(U) is the space of
algebraic n-forms on U. It is naturally endowed with an increasing filtration,
called the Newton filtration and denoted by N,, and a nondegenerate bilinear
form. The choice of a volume form on U gives us an identification of this vec-
tor space with the Jacobian ring of f. Hence, we get a product on this vector
space. As the product and the nondegenerate bilinear form respect the filtra-
tion NV,, we have a product, denoted by U, and a nondegenerate bilinear form,
denoted by [¢](-, ), on the graded space of Q™(U)/df AQ"~(U) with respect
to the Newton filtration. The following theorem is shown in Section [G.hl

Theorem 1.1 (Classical correspondence). We have an isomorphism of
graded Frobenius algebras between

(Hg:b(]P)(w)v (C)a U, <'a >) and (gri\/ (Qn(U)/df A Qnil(U)) U, [[gﬂ('v )) .

Note that, in a more general and algebraic context, Borisov, Chen and
Smith [BCS05] computed the orbifold cohomology ring for toric Deligne-
Mumford stacks. We will not use these results because, firstly we will use
the techniques developed by Chen and Ruan, and secondly the author did not
find in the literature a complete and explicit description of weighted projective
spaces as toric Deligne-Mumford stacks.

Afterward, using [CCLT06], we prove two proposition (¢f. Propositions
14 and LT1) on the value of some orbifold Gromov-Witten invariants with
3 marked points, and we show in Section [6.d that these propositions imply an
isomorphism between the Frobenius manifolds coming from the A side and

n a previous version of this article, these propositions were conjectures.
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from the B side. Let us note that Theorem [5.13]shows that we can reconstruct,
in an algorithmic way, the full genus 0 Gromov-Witten invariants from the
3-point invariants. This result is similar to the first reconstruction theorem
of M. Kontsevich and Y. Manin in [KM94, Theorem 3.1].

The article is organized as follows. The first section is devoted to Frobenius
manifolds. In the second section, we compute the orbifold cohomology ring
of weighted projective spaces. In the third section, we compute the value of
some specific Gromov-Witten invariants. In the fourth part, we briefly recall
the results for the Laurent polynomial f : U — C. In the last section, we give
the proofs of the two correspondences: the “classical correspondence” and the
isomorphism between the two Frobenius manifolds.

2. Background on Frobenius manifolds

Let M be a complex manifold endowed with

e a perfect pairing g : TM x TM — C,

e an associative and commutative product = on the complex tangent
bundle T'M with unit e,

e a vector field &, called the Euler vector field.

These data (M, *,e,g,€) define a Frobenius structure on M if they satisfy
some compatibility conditions. We will not write them because we will not
use them explicitly. The reader can find these conditions in Lecture 1 of
[Dub96] (see also [Man99, p.19], [Her02, p.146], [Sab02l p.240]). Assume that
M is simply connected. Let (to,...,t,) be a system of flat coordinates on M.
According to Lemma 1.2 in Lecture 1 of [Dub96] (see also Section VII.2.b in
[Sab02]), there exists a holomorphic function, called a potential, F': M — C
such that for any ¢,j, &k in {1,...,n}, we have

3

%%f(‘?tk = g(@tl *(’9tj,8tk).
The potential is determined up to a polynomial of degree 2. As the product
* is associative, the potential satisfies the WDVV equations. We have the
following theorem.

Theorem 2.1 (|[Dub96] lecture 3]; see also [Sab02] p. 250] or more generally
Theorem 4.5 in [HM04]). Let g° : C* x C* — C be a perfect pairing. Let A
be a semi-simple and regular matriz of size pu x p such that (A$)* = A§. Let
Ao be a matriz of size px p such that Aso + A%, = k-id with k € Z. Let €° be
an eigenvector of A for the eigenvalue q such that (e°, Ade®, ..., AS“_leo)
is a basis of C*. The data (A$, Axo,g®,€°) determined a unique germ of a
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Frobenius manifold ((M,0),x,e, g, &) such that via the isomorphism between
ToM and C* we have g° = g(0), Aj = E*, Ao = (¢+1)id =V €& and e®° = ¢(0).
In order to show an isomorphism between the Frobenius manifold coming
from P(w) and the one associated to the Laurent polynomial f, we will show
that their initial conditions satisfy the hypotheses of the theorem above and
that they are equal.
2.a. The A side. We construct the Frobenius manifold on the complex

vector space HZ, (P(wo,...,wy),C) of dimension y := wg+- - -+w,,. The per-
fect pairing is the orbifold Poincaré duality, denoted by {-,-). In Section B.bl
we will define a basis (1o, . . ., 7,—1) of the vector space HZ,, (P(wo, ..., ws),C).

Denote by (to, ...,t,—1) the coordinates HZ, (P(wo,...,wy),C) in this basis.
The Euler field is defined by the following formula:

p—1

€= :U’ah + Z(l - deg(ni)/2)tiati'

=0

The big quantum product, denoted by x, is defined with the full Gromov-
Witten potential of genus 0, denoted by F&W | by the following formula:

PBFW (to, ..., tu—1)
R = (Ot; % Ot j, Oty).

The initial conditions of the Frobenius manifold are the data (A§, Ao, (,+),M0)
where Af := Ex |4—¢ and A, :=1id —V€.

The matrix Ay is easy to compute (see Proposition B:20]), but in order
to compute the matrix Ag, we have to compute the orbifold cup product
(¢f. Section B.d) and some specific Gromov-Witten invariants with 3 marked
points (cf. Section D). Via the correspondence, Theorem [E.I3] implies that
we can reconstruct the big quantum cohomology from the small one. In
particular, the proof of Theorem gives an algorithm to do so.

2.b. The B side. Let U := {(ug,...,u,) € C"*' | [[,u" = 1}. In the
article [DS04], the polynomial is woug + - - - + wyuy, restricted to U and the
weights are relatively prime. In our case, we consider general weights and the
polynomial f is ug + --- + u,, restricted to U. Nevertheless, we will use the
same techniques to show the following theorem.

Theorem 2.2 (see Theorem[53). There exists a canonical Frobenius struc-
ture on any germ of universal wunfolding of the Laurent polynomial
flug, .. un) =uo+ -+ + uy, restricted to U.
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3. Orbifold cohomology ring of weighted projective spaces

In this section, we will describe explicitly the orbifold cohomology ring of
weighted projective spaces.

In the first part, we define the orbifold structure that we will consider on
weighted projective spaces. In the second part, we give a natural C-basis of
the orbifold cohomology. Then we compute the orbifold Poincaré duality in
this basis. In the last part, we compute the orbifold cup product and we
express it in the basis defined in the second part. The obstruction bundle is
computed in Theorem [3.17

In this article, we will use the following notation. Let n and wy,...,w, be
some integers greater than or equal to one.

3.a. Orbifold structure on weighted projective spaces. In this part,
we describe the weighted projective spaces as Deligne-Mumford stacks in Sec-
tion Biadl and as orbifolds in Section

3.a.1. Weighted projective spaces as Deligne-Mumford stacks.
We define the action of the multiplicative group C* on C**! — {0} by X -
Yoy -y Yn) = (A"%g,..., A"y,). We denote by P(w) the quotient stack
[C™*1 — {0} /C*]. This stack is a smooth proper Deligne-Mumford stack.

For any subset I := {i1,...,ix} C {0,...,n}, we denote wr := (w;,,...,
w;, ). We have a closed embedding ¢y : P(wy) := P(w;,, ..., w;, ) — P(w). We
denote by P(w); the image of this stack morphism. In the following, we will
identify P(w;) with P(w)y.

Let us define the invertible sheaf Op(,,) (1) on P(w). For any scheme X and
for any stack morphism X — P(w) given by a principal C*-bundle P — X
and a C*-equivariant morphism P — C"™! — {0}, we denote by Op(uw (1) x
the sheaf of sections of the associated line bundle of P.

Let us consider the following map:

]?w . ontl {0} — Cntl {0}

(20y -y 2n) = (25°, ..., 25™).

If we consider the standard action (i.e. with weights 1) on the source and the
action with weights on the target, then the map fw is C*-equivariant. This
induces a stack morphism f,, : P* — P(w). By remark (12.5.1) of [LMB00],
the invertible sheaf f*Op(,)(1) is the sheaf Opn (1).

3.a.2. Weighted projective spaces as orbifolds. In this part, we are
using the language of orbifold used by Satake [Sat56] and by Chen and Ruan
[CRO2]. In this setting, the author didn’t find in the literature a complete
reference for the orbifold structure on weighted projective spaces. The purpose
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of this part is to fix it in this language: namely, we use the notion of good
map, which is defined in [CR04].

First, we recall some general definitions about orbifold charts. Let U be
a connected topological space. A chart of U is a triple ([7 ,G, ) where U
is a connected open set of C™, G is a finite commutatived] group which acts
holomorphically on Uand 7 is a map from U on U such that 7 induces a
homeomorphism between U /G and U. We denote by Ker(G) the subgroup of
G that acts trivially on U. When we will not need to specify the group or the
projection, we will write U for a chart of U.

Let U be a connected open set of U’. Let (U’,G',7') be a chart of U’. A
chart (U, G, 7) of U is induced by (U, G, ') if there exists a monomorphism
of groups k : G — G’ and an open k-equivariant embedding « from U to
U’ such that  induces an isomorphism between Ker(G) and Ker(G') and
7' = aor. In [Saf57], Satake calls such a pair (o, k) : (U, G, 7) — (U, &, )
an injection of charts.

We define the action of the multiplicative group C* on C"*! — {0} by
A (Yo, Yn) = (A0, ..., A% y,). The weighted projective space is the
quotient of C"*! — {0} by this action. Denote by |P(w)| this topological space

and 7, : C"*! — {0} — |P(w)| the quotient map. Denote by [yo : ... : yn] the
class of my, (Yo, - - -, Yn ) in [P(w)|. We have the following commutative diagram:
(205 ---52n) crtl — {0} ——— P [20 1 ... 2n]
I of e ]
(z8°,...,28m) Crl — {0} % [P(w)) 26 ... 2n]

where 7 is the standard quotient map for complex projective spaces. De-
note by p;, the group of k-th roots of unity. We can endow |P(w)| with
two different orbifold structures. In the algebraic settings, we say that the
Deligne-Mumford stacks P(w) and [P"/p,, X --- X p,, ] have the same coarse
moduli space |P(w)].

(i) The group p,,, X --- X p,, acts on P" in the following way:

By X =00 Xy, X P — P
((Aoy---sAn), (20 vt 2n]) ¥ [Aozo & oo 0 Anznl.
The map f,, : P" — P(w) induces a homeomorphism between P"/p,,
X -+ x m,, and |P(w)|. So, the topological space |P(w)| is endowed
with an orbifold structure.

2In the general case, one doesn’t suppose that the groups are commutative (see [CR02]).
Nevertheless, here we consider only examples where the groups are commutative.
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(ii) The topological space |P(w)| can also be endowed with an orbifold
structure, which is not global, via the map m,. The orbifold atlas
which defines this structure is described below.

In this article, we will study only the orbifold structure that comes from

(~11)E For i € {0,...,n}, let U; :={[yo : ... : yn) | ¥i # 0} C |P(w)|. Let
U; be the set of points of C*"*1 — {0} such that y; = 1. The subgroup of
C* that stabilizes U; is By, - The map m; = my |(7 U, — U, induces a

homeomorphism between U; /1y, and U;.

Let U be a connected open set of [P(w)|. A chart (ﬁ,Gﬁ,’]Tﬁ) of U is
called admissible if there exists ¢ € {0,...,n} such that U c U, is a connected
component of 7, 1(U ), G is the subgroup of u,, that stabilizes U and TG =
T |l7¢' In particular, the charts (,le, M., ;) of U; are admissible charts.
Denote by A(|P(w)|) the set of all admissible charts. The set of charts of
A(|P(w)]) induces a cover, denoted by U,,, of |P(w)].

Proposition 3.1. The set A(|P(w)|) is an orbifold atlas.

We will denote by P(w) the orbifold (|P(w)]|, A(|P(w)])).

Proof of Proposition Bl According to [MP97], we have to prove that the
cover U,, satisfies the following conditions:

(1) each open set U of the cover U, has a chart (U, Gy, my),
(2) for any p in UNV, there exists W C U NV which contains p and two
injections of charts W — l?, W V.

The first point is clear. Let (ﬁ, Gy, my) be a chart of U and (‘7, Gy,my) be a
chart of V in A(|P(w)|). Let p be a point in UNV. By definition of A(|P(w)])
there exists a unique pair (¢,7) € {0,...,n} such that UcU;and V C l?j.
We can find a chart ((71,, Gy, mp) of a small neighborhood U, of p such that
Tj'p cUc l_'Nfz and the map

@[Jij:ﬁp—>x~/cl7j

(yOa ceey ]-iv oo >yn) L — (yO/y_;‘UO/wj,- cey ]-ja e ayn/y_;un/wj)
where yl/wj is a w;-th root of y;, is an injection of charts. For more details

about the existence of such a chart, see Proposition IV.1.10 of [Man05]. O

Remark 3.2. On an orbifold, one can define a group which acts globally
and trivially (cf. Part 4.1 of [CR02] or Lemma 3.1.10 of [Man05]). For P(w),
it is easy to see that this group is peeq(y-

3The author has found in the literature a mixing between these two orbifold structures
on the same topological space [P(w)|. This is one of the motivations for making explicit the
orbifold structure that comes from (ii).
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Between two orbifolds, one can define orbifold maps (see Paragraph 4.1
in [CRO2]). But then one has some problems when you want to pull back
bundles. So, one defines a more restrictive map, which is called good (see
Section 4.4 of [CR02]), that allows one to pull back bundles.

Proposition 3.3. Let I := {iy,...,ix} C{0,...,n}. The inclusion map

iy Plwr) — P(w)
[z1:...izs]— [0 .02 :0:...:0:2,:0:...:0]

s a good orbifold map.

Proof. We will prove this proposition for the set I = {0,...,d}. First we
use Section 4.1 of [CR02|] to construct a compatible cover (cf. Section 4.1 of
[CRO2]), denoted by U, associated to the atlas A(|P(w;)|). To have a good
map, we need a correspondence between open sets and injections of charts
which satisfies some conditions. We denote this correspondence by §. For
any open set Uy of Uy, we put F(Ur) :={[yo :---: yn) | [¥0 Nyn] G/(\]_I/}
For any injection (o, k) : Ur — V;, we put §(a, &) := (a,id) : F(U;) — F(V7).
It is straightforward to check that these data satisfy the conditions for being
a good map (see Proposition IV.1.15 of [Man03]). O

For any subset I of {0,...,n}, we define the topological space |P(w);| :=
tr(P(wy)). The orbifold atlas of |P(w)| induces a natural orbifold atlas (cf.
Remark IV.1.11.(5) of [Man05]) which endows |P(w);| with an orbifold struc-
ture denoted by P(w);. The orbifold map ¢; : P(w;) — P(w) induces an
isomorphism between P(w;) and P(w);. In the following, we will identify the
orbifolds P(wy) — P(w) and P(w); C P(w).

Proposition 3.4. The map

Juw P — P(w)

[20: . tzp)— 200 ...t 2

is a good orbifold map.

Remark 3.5. The degree of f,,, regarded as a map between topological
spaces, is [[w;/ ged(wo, . . ., wy).

Proof of Proposition [3.4. We will just prove this proposition when the
weights are relatively prime. We refer to Proposition IV.1.18 of [Man05| for

the general case. Recall that the map
fu 1T —{0} — C™! — {0}
n")

(20, 2n) — (20°, ..., 21

is C*-equivariant and it lifts the map |f,| : |P"| — |P(w)|. The map f,
is surjective and open. So, the map f,, is a regular orbifold map; that is,
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Jo L (|P(w)reg|) is open, connected and dense, where |P(w)yeq| is {p € |P(w)] |
Gp = Hged(w)}- Then, Lemma 4.4.11 of [CRO2] shows that the map f,, is
good. O

Proposition 3.6. There exists an orbibundle of rank 1, denoted by
Op(w) (1), over P(w) such that fOpe, (1) is isomorphic to the bundle Opn (1)
over P™.

Remark 3.7. For any subset I of {0,...,n}, the orbibundle t7Op(,)(1) is
isomorphic to the orbibundle O, (1).

Proof of Proposition 3.6l We will define the orbibundle Op(,(1) on P(w)
by its transition maps. Let « : U < V be an injection between two charts
of A(JP(w)|). By definition of A(|P(w)]|), there exists a unique pair (i,j) €
{0,...,n} such that UcU,and V C ﬁj. For any y € U and any ¢ € C, we
put

Opy (1) et ifi =7,
(33) Ve <y><t>—{t/yj1_/wj i

where ¢ € p,,.. The cocycle condition is easy to check. So, we have defined
an orbibundle of rank 1, denoted by Op(y (1), on P(w).

The map f,, is a good map (see Proposition B4, so we can define the
pull-back bundle f;Op(,) (1) over P". A careful computation shows that the
bundles f; Opgpy (1) — P and Opn (1) — P" have the same transition maps.

O

3.b. Orbifold cohomology of weighted projective spaces as C-
vector space. We refer to Definition 3.2.3 of [CR04] for the definition of
orbifold cohomology.

For any g € Jp,,, there exists a unique v(g) in [0, 1] such that g =
exp(2imy(g)). When there will be no confusion, we will simply write v instead
of v(g).

Proposition 3.9. For any g € Jp,,,, we put age(g) := {ywo} + - +
{ywn} and I(g) := {i | g € p,,} where {-} means the fractional part. The
graded C-vector space structure of the orbifold cohomology of P(w) is given by
the following:

H3(P(w), C) = P HU 5D (IP(w) )|, C)
9EU Moy,

o @ HAC O ([B(uw))], ©).
9€U o,
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Remark 3.10. In [Kaw73|, T. Kawasaki shows the following results:

C ifie{0,...,n};

0 otherwise.

H*(|P(w)], C) {

Then, according to the proposition above, we have an explicit description of
the C-vector space H2% (P(w), C).

orb

Proof of Proposition B9, Let p be in |[P(w)|. Let (ﬁp, Gp,mp) be a chart

of a neighborhood of U, of p. Denote by p the lift of p in ﬁp. The action

of G, on the tangent space Tgﬁp induces the following representation of the
group G:

G, —GL(n,C)

g = exp(2imy) — diag (e ™70 . 2™,

According to Part 3.2 of [CR04], the age of g is {ywo} + -+ + {yw,}. We
deduce the equality in the proposition.

For the second part, we note that the twisted sector [P(w)g)| is [P(w) ()|,
which is identified with [P(wy(y))|- 0

For any g in | oy, DUt
0y = c1(Opuy,, (1) € H*(|B(w)(y)], C).

Remark that n¢ vanishes for d > dim¢P(w)(g). We deduce the following
corollary.
Corollary 3.11.
(1) The dimension of the C-vector space H>, (P(w), C) is p := wo + -+ -+
Wy, -
(2) The set m := {n | g € Utty,,d € {0,...,dimcP(w)y}} is a ba-
sis of the C-vector space H}y (P(w), C). The orbifold degree of ng is
2(d + age(g)).
We refer to Formula (2.4) of [CR04] for the definition of the orbifold integral
(see also Formula (II1.3.3) of [Man03]).
Proposition 3.12. We have the following equality:

orb n

—1

J,m=Tlw
P(w) i=0

Proof. We denote [P(w)req| := {p € [P(w) | G = Hgeq(u)}- Let us note
that |P(w)yeg| is open and dense in [P(w)|. By definition of the orbifold integral
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and Proposition [3.6] we have

Ortr)z _ 1 n o__ 1 ¢ ! n
/MZ% ~ ged(w) /&t@fﬂw(”)  ged(w) deg(f.) / (O (1)

gl
Then Remark implies the proposition. O
According to Section 3.3 of [CR04], we can define an orbifold Poincaré
duality, denoted by (-, -}, on orbifold cohomology. The proposition below is a
straightforward consequence of the definition and of Proposition
Proposition 3.13. Let 7721 and 77;1/ be two elements of the basis 1.

(1) If g # g~ %, then we have <ng,ng:> =0.
(2) If ¢’ = g%, then we have I(g) = I(g') and

4 [T wi i deg(nd) + deg(ng1) = 2n,
(Mg, my-1) = { i€l(g)
0 otherwise.

3.c. Orbifold cohomology ring of weighted projective spaces. Be-
fore computing the orbifold cup product in the basis 1, we will state a lemma
about the orbifold tangent bundle of P(w).

According to Proposition B3l an orbibundle on P(w) can be restricted to
P(w[)

Lemma 3.14. For any subset I of {0,...,n}, we have the following de-
composition:

TP(w) |1P’(w1): (@ O]P’(wz)(wi)> © TP(wy)
iele
where 1€ is the complement of I in {0,...,n}.
Proof. A straightforward computation shows that these two orbibundles
have the same transition functions. g
In order to compute the orbifold cup product on HZ , (P(w),C), we will
compute the trilinear form (-, -, -) introduced in [CR04] and get the cup prod-
uct through the Poincaré pairing by the formula

(3.15) (a1, a9, a3) = (@1 Uag,a3) Vai,as,as € H)y (P(w), C).

Let us fix go, 91, goo in |J pt,,, satisfying gogigc = 1. Let us fix a presenta-
tion of the fundamental group 7 (P* —{0, 1,00}, %) as (Ao, A1, Moo | AoA1 Aeo =
1). The group homomorphism 71 (P! — {0,1, 00}, %) — C* sending \; to g;
for any j in {0, 1, 00}, whose image is denoted by H, defines a covering %° of
P! — {0,1,00} having H has its automorphism group. This covering extends
as a ramified covering 7 : ¥ — P!, where ¥ is a compact Riemann surface,
and the action of H also extends to ¥ in such a way that P! = X/ H.
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The group H acts in a natural way on TP(w) |]p(w)(go’g1’goc) where
P(w)(go,91,9.) s the standard notation for the triple twisted sectors. For
any k € {0,1,00}, we denote by ¢4, the injection P(w)(g,) = P(w)(gy,91,9.0)-

We define the following orbibundle:

H
Elgo.91.900) = (T]P’(w) [P(w)(60,01,000) ®H0’1(2,(C)>

In the basis 1, we define the trilinear form (-,-, ) :

orb

(3.16) (7753,77511,773;’.?) = / 5207733 A 5;77311 A LZm’fgii.f’ A Cmax (E(go.g1,9.0))-
W)(90:91-900)
Theorem 3.17. Let go,g1 and goo be in |Jp,,, such that gogige = 1.
For i € {0,1,00}, we denote by ; the unique element in [0,1[ such that

gi = exp(2imy;). The orbibundle Eg 4, 4.y is isomorphic to

@ OP(w)(g(pm 19o0) (wj)

J7€J(90,91,900)

where J(go, g1, goo) := {& € {0,...,n} | {yow;} + {mw;} + {yeow:} = 2}.
Proof. According to the decomposition of Lemma [B.14] the obstruction
bundle Ey, g, 4..) 18 isomorphic to

H

EBOP(wxgo,gl,gw) (w;) @ H*'(%,C)

0,..., n}—

ief 1}
I(go)NI(g1)NI(goo)
H
& <TP(w)(90,gl,Qoo) ® HO’I(Z’ C)) .

As H acts trivially on TP(w)(g,,9,,9.0)s We get

0,1 a
Elg0,91,900) :@ (Op(w)(go,gl,m)(wi) ®@ H™ (E,(C))

i€{0,..., n}—
I(go)NI(g1)NI(goo)

Note that the group H acts on the fiber of (’)p(w)(go,ghgw) (w;) by multiplication
by the character x; : H — C* which sends h to h"i. Now we apply Proposition
6.3 of [BCS05] (see also Proposition 3.4 of [CHO04] or Theorem IV.5.13 of
[Man05]) and we get the theorem. O
Theorem B.I7 and Formula (BI6) of the trilinear form (-,-,-) imply that
we can compute this trilinear form in the basis 7. Then, the definition of the

cup product via Formula (B8] gives us the following corollary.



ORBIFOLD QUANTUM COHOMOLOGY 149

Corollary 3.18. Let ngg and 7]‘;11 be two elements of the basis 1. We have

do di _ H . d
Mgo U Mg, = Wi | Ngogy
i€K(g0,91)

where K (go.g1) = J (90,91, (9091) ") LU1(909:) = Z(g0) N L{gn) and d :=

eg(ndo eg(ndl
doenag) | LB age(gogi) = do + dy + agelgo) + age(g1) — age(gogn)-
Example 3.19. Let us consider the case where the weights are w =
(1,2,2 : 3 : 3,3) (this example was considered in [Jia03]). The orbifold cup
product is computed in the table below in basis . We put j := exp(2in/3).

[ [nf [od [ i [ | 0 Tmg [0 [ % [ nla [ 02 [ g2 | mi
[ o? o [ [nd [l [ || ) [y [0 | 0% | iy [ ne | mpe | 0
ni i [ ] 0 m (w00 [ O [na][n=]0
02 mmlolo] » Tolo] o 0 [n[ 0] 0
i o|lo]o 0 0o 0 0 0 0 0
Nt 0o o Joflo] o 0 0 0 0
0% 0 0o |oflo] o 0 0 0 0
7 4 [ 0JO] 0 0 [4n? | 4nt | 4n;
ny oo 0 0 [4ni |43 ] ©
n; 0 0 0 [4nF] O 0
n2, Fni [ 0o oo
i, 0 o]l o] o
;2 ln; [ 1n7 | ©
7]]1.2 0 0
;2 0

The upper left corner is the standard cup product on H*(|P(1,2,2: 3 : 3,3)|).

Example 3.20. Let P(wo, w;) be a weighted projective line. Let us denote
by d the greatest common divisor of wy and w;. Choose integers m and n such
that mwo + nw; = d. Denote gy, := exp(2imn/wg), Guw, = exp(2imm/w;)
and gq := exp(2in/d). If we put = := ngwo Y= ngwl and £ := 1) , we have
that

H;rb(P(wOv 11)1), (C) = C[$7 Y, 5]/(3:2/, woxwo/d - wlywl/dfn_ma gd - 1>

This agrees completely with the computation of [AGV06] Section 9].

3.d. Some initial conditions for the Frobenius manifold. In Sec-
tions B.B] and B.d we have computed two initial conditions for the Frobenius
manifold, namely the orbifold Poincaré duality (-,-) and the unit . In this
section, we will compute a third one, which is id —V &, where V is the tor-
sion free connection associated to the nondegenerate pairing (-, -) and € is the
Euler field defined in (3:23]) below. We start with the following lemma.
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Lemma 3.21. We have the exact sequence of orbifold bundles over P(w)

0——C L O]p(w) (’wo) ®...0 (’)P(w)(wn) L> TP(w) —— 0

where C is the orbifold trivial bundle of rank 1 over P(w).

The proof is a straightforward generalization of the proof in Section 3 of
Chapter 3 of [GH94] (all the details are explained in Lemma V.2.1 of [Man03]).

Recall that 7 = ¢1(Op(y)(1)). LemmaB2T] and Section 4.3 of [CR02] (see
also Proposition 111.4.13 in [Man05]) imply that

(TP(w)) = e(Op(u) (wo) & -+ & Opuy(wn)) = [ ] (1 +wint) .
i=0

We deduce that

(3.22) c1(TP(w)) = pn}

where @ := wo + -+ - + wy,.

For any g € |Jp,,, and any 0 < d < dimc P(w)(4), we denote by ¢, 4 the
coordinates of HZy (P(w),C) with respect to the element of the basis nd. As
in the book of Y. Manin [Man99), p.37], we define the Euler field by

(3.23) ¢ =Y (1—deg(n)/2)tg.adr, , + 1o, ,.
geUrw,
0<d<dimc P(w) )

Notation 3.24. For the following, it will be useful to have an order on
the basis n of H* (P(w),C). Choose any determination of the argument in
C. Hence, for any g € |Jp,,, there exists a unique y(g) € [0, 1] such that
g = exp(2imy(g)). We say that n¢ < nd if v(g) < 7(g') or 4(g) = ¥(g') and
d < d'. We denote by gmax the greatest element in |J s, -

Proposition 3.25. Denote by dmax the complex dimension of the
twisted sector P(w)g,...)- The matriz Ay, := id =VE& in the basis n is
diag(deg(ng)/2,. . ., deg(ng:j‘:;()ﬂ) where V is the torsion free connection asso-
ciated to the nondegenerate pairing (-,-). This matriz satisfies Ao+ A%, = nid
where A% is the adjoint of A with respect to the nondegenerate bilinear form
<.7 >

Proof. By definition, we have

1 . "
Ay = 3 diag (deg (778) ,-..,deg (ny) ,deg (ng;;x) ,...,deg (ng::;)) )

The adjoint matrix of A, with respect to the nondegenerate bilinear form

<.’.> is

Ar = %diag (deg () .- ., deg (n) ,deg (nim=) ..., deg (170_1 )) :

9mazx
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In order to end the proof, it is enough to check that

deg(n?) + deg (nji,nfc P(w)(”*d) =2n. O

4. Orbifold quantum cohomology of weighted projective spaces

The orbifold cohomology algebra, with its Poincaré pairing, of weighted
projective spaces is now completely determined. We have computed three out
of four initial conditions of the Frobenius manifold. In this section, we will
study the last initial condition Ex |¢—g.

4.a. The orbifold Gromov-Witten invariants. First, we recall the
definition of orbifold stable maps to P(w) (see Paragraph 2.3 of [CR02] for
details).

A good orbifold map f between the orbifolds X and Y is an orbifold map
and a compatible structure. A compatible structure is a correspondence be-
tween open sets and injections of charts of X and open sets and injections of
charts of Y which satisfies some conditions (see Section 4.4 of [CR02] for more
details). In particular, the compatible structure induces a homomorphism be-
tween the local groups; that is, for any z € X we have a morphism of groups
Gz — G- We will not be more precise because we will not use this notion
explicitly.

Definition 4.1. An orbifold stable map to P(w) consists of the following
data:

e a nodal orbicurve (C, z,m,n) where z := (21,...,2;) are k distinct
marked points such that G, = w,,, fori € {1,...,k} and the j-th
nodal point has the action of Hops

e a continuous map f : C' — P(w);

e an isomorphism class of compatible structure, denoted by &.

These data (f, (C, z,m,n),§) satisfy

(1) for each ¢ in I, the orbifold map f; ;= f o p; : C; — P(w) is holomor-
phic;

(2) for each marked or nodal point z;, the morphism of groups induced
by £ from G, to Gy.,) is injective;

(3) if the map f; : C; — P(w) is constant, then the curve C; has more
than three singular points (i.e. nodal or marked).

We endow the set of orbifold stable maps with the standard equivalence
relation. Denote by [f, (C,z,m,n),£] the equivalence class of the orbifold
stable map (f,(C, z,m,n),§).
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Let (f,(C,z,m,n),£) be a stable map. We can associate to this stable
map a homology class in Hy(|P(w)|,Z) defined by f.([C]) :=>,(f 0 ©i)«[Ci]
where [C;] is the fundamental class of the curve C;. This homology class does
not depend on the equivalence class of the stable map. For each marked point
z;, the class of compatible structure ¢ induces a monomorphism of groups
ki © Gz, — Gy(z). This monomorphism depends only on the equivalence
class of the stable map.

Let us define the inertia orbifold ZIP(w) by | ] ¢ o, P(w) gy x{g}. We have

an evaluation map, denoted by ev, which maps a class [f, (C, z,m,n),&] of
stable maps to

(G ma (/). (F), m(€27/75)) ) € TP(w) x -+ x TR(w).

An orbifold stable map (f, (C, z, m,n), &) is said to have type (g1,...,9x) €
U, if forany £ € {1,... Kk}, (f(z0), K1 (e27/me)) belongs to P(w) 4,) x {ge}-
When there is no ambiguity in the notation, we will write g for the k-tuple
(915 -+ GK)-

Definition 4.2. Let A be in Hy(|P(w)],Z). We define My (4, g) to be
the moduli space of equivalence classes of orbifold stable maps with & marked
points, of homology class A and of type g, i.e.

v o [(f,(C,z,m,n),ﬁ)]|#z:k,f*[0]:A,
Mildg) = { ev(f,(C.zm,m).€) € TTE, (Plw) g % {90) } |

According to the results of [CR02] (¢f. Proposition 2.3.8), the moduli space
M,(4, g) is compact and metrizable. Chen and Ruan also define a Kuranishi
structure on this moduli space whose dimension is given by the following
theorem.

Theorem 4.3 (cf. Theorem A of [CR02]). The dimension of the Kuranishi
structure described by W. Chen and Y. Ruan of My(A, g) is

k
2 (/A a(TP(w)) + dime P(w) =3+ k — Zage(gﬂ) .

l=1

This Kuranishi structure defines (cf. Theorem 6.12 and Section 17 of
[FO99]) a homology class, called the fundamental class of the Kuranishi struc-
ture,

(4.4)  evi[My(A,g)]
€ Hy (1, oy (1)) sn—stk—3k_, age(g)) E(W)(g) X - X B(w)(g,), C).
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Remark 4.5. This notation is a bit tendentious because the class
ev, [My (A, g)] is not a push forward of a homology class of My(4, g). How-
ever, in algebraic geometry, we can construct a virtual fundamental class in
the Chow group of My(A, g) with the same degree (see Section 5.3 in [AGV0G,
Section 4.5]).

For each ¢ € {1,...,k}, let oy be a class in H>(*~2&¢90)(P(w) ,,),C) C
H2% (P(w),C). Formula (1.3) of [CR02] defines the orbifold Gromov-Witten
invariants by

(4.6) Wi, H*(P(w)(g,),C) ®--- @ H*(P(w) g,),C) — C
a1 Q- Qap — ai A A ag.
ev. [My(A,9)]

Let g1,...,9x be in Jp,,,. Recall that p := wg + --- + w,. Theorem A3
and Formula (3:222)) imply that

degev, [My(A,g)] =2 (u/Am +tn—-3+k— Zage(g@) :

{=1

We recall that for any g € |J p,,, and any 0 < d < dimc P(w) 4, we denote
by tgq the coordinate of H2% (P(w),C) with respect to the element of the
basis n4,4. Let us put

T Z:Z tg,d 7’]3

9€Upw,
0<d<dime P(w) )

The full Gromov-Witten potential of genus 0 of the weighted projective space
P(w), denoted by FEW  is defined by

vl (T,...,T)
GW ._ kg\morr
pvoy oy Ml
k>0 A€Hg (P(w),2),
g€U(py,, )"
We define the orbifold quantum product by the equation
33FGW (t)
atg,datg/,d/atg”,d”

(4.7) = (Otg q* Oty qr, Otgr qi).

4.b. Computation of some orbifold Gromov-Witten invariants.
To compute the last initial condition of the Frobenius manifold, we should
compute the matrix A := Ex |¢—¢ (cf. Equation (@) for the definition of the
quantum orbifold product). As the Euler field restricted to ¢ = 0 is udty 1,
we have to compute the Gromov-Witten invariants W?(n%,ng,ng: ) for any

9,9 € Um,,, for any (d,d’) € {0,...,dimc P(w) 4} x {0,...,dimc P(w) 4}



154 ETIENNE MANN

and for any class A € Hy(P(w),Z). By definition of the Gromov-Witten
invariant, if the class A € Ho(|P(w)|,Z) does not satisfy

(48) [ k= 1+ de(o)/2 4+ des) /2 =

then the Gromov-Witten invariant W4 (ni, nd, ngf) is zero.

Notation 4.9. In the following we denote by A(g,d,¢’,d') the unique
class in Hy(|P(w)],Z) that satisfies (£8)). When there will be no confusion,
we denote this class by A.

Motivated by Corollary B.7for the B side, we decompose this set of Gromov-
Witten invariants into the following three subsets:

(4.10)

{ Wg‘?(n%,ng,ng:) such that }
1+ deg(ng)/2 + deg(n)/2 = n+ p(v(g™") +7(¢'™")) #0 mod p
(4.11)
W?(nhnﬁ,vyﬁi) such that
1+ deg(n?)/2 + deg(n®)/2 —n+ p(v(g™) +7(¢)) =0 mod u ¢,
and 2 + deg(r)g) + deg )y = 2n
(4.12)
‘I’A(Wlmg,ng ) such that

1+ deg(n?)/2 + deg(nZ, )/2=n+p(y(g™) +(g™) =0 mod p
and 2 + deg(ng) + degng #2n

Remark 4.13. (1) The number 1 + deg(ng)/Q 4 deg(ngf)/g —n+
w(y(g™1) +v(g’71)) is equal to the integer

1+d+d +n—dimP(w) — dimP(w —|—Z + [y(g" " wy)

where [-] is the integer part.
(2) Conditions (£II]) are equivalent to the conditions g¢’ = 1 and 2 +
deg(nd) + deg(nd) = 2n.
First we study the set (£I0) of Gromov-Witten invariants. The following
proposition is a straightforward consequence of Proposition
Proposition 4.14. Let g,g' be in Jp,, and let (d,d') be in {0
dim P(w) )} x {0,...,dimP(w)} such that 1+ deg(n?)/2 + deg(ng )/2 -
n+p(y(g™) +v(g'"1)) #0 mod u. We have \IJA(nl,ng,ng ) = 0 where A is

defined by pu [311 = 1+ deg(n?)/2 + deg(n)/2 — n.
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Remark 4.15. The proposition above is proved in [Man05, Theorem V.3.3,
p. 98] when p and lem(wo, ..., w,) are coprime.

The following proposition computes the Gromov-Witten invariant for the
subset defined by Conditions (AII]). According to Remark [LI3I[2), these
conditions are equivalent to the hypothesis of the theorem below.

Proposition 4.16. Let g,g' be in Jp,, and let (d,d') be in {0,...,
dimP(w) (g} x {0,...,dimP(w) )} such that g'g = id and 2 + degnf +
deg ng,/ =2n. Let A be a class in Ha(|P(w)|,Z). We have

it nd,nd) = {Hz‘el(m w;  if A=0,
s TlgsTlg .
0 otherwise.

Proof. If this invariant is not zero, then the class A should satisfy the
equality 2u fA(g,d,g’,d’) Nt = 2+deg ng—l—deg 773: —2n. By hypothesis this implies
that A = 0. Hence Theorem B.I7 and Formula ([BI6]) finish the proof. O

In order to simplify Conditions ([{I2]), we will recall some combinatorics.
Let us denote the elements of (Ju,, by 1 = go < g1 < --- < g5 where
the order is defined by choosing the principal determination of the argument
(cf. Notation B.24). Let us fix g € (Jp,,. There exists a unique triple
(d,g',d") in{0,...,dimP(w)g,)} ¥y, x{0,...,dimP(w) 4} that satisfies

1+ deg(ng,)/2+ deg(nd)/2 —n+ p(v(g; ") +7(9™1) =0 mod p
and 2 + degn? + deg ng,/ # 2n.

Such a triple is given by (dim P(w) g, ), al dim P(w) g, _,)) where g_; := gs.
Proposition 4.17. Let g, € U, . Let A be the class in Hy(|P(w)],Z)
defined by p 301 =1+ deg(nd)/2 + deg(ng:)/2 —n. We have that

ev. [ﬂz(i gk»gi_ll)} = (7(gk) = ¥(gr=1)) " P(w) (g X P(w)(g,_1)]-

Remark 4.18. In [AGV06, Section 9], D. Abramovich, T.Graber and
A. Vistoli have computed the small quantum cohomology of P(wg,w;). This
result implies Proposition [Z.2], hence Propositions [4.14] and [17 for weighted
projective lines.

Proof of Proposition [£17. The divisor axiom implies that this proposition
is equivalent to

i dimP(w)(,, ) dimP(w) e, 1
\112134 <77%777911cm b (gk)777g;_11 (an 1)) = H w; .
' i€l(gr) UI(gk—1)

Formula (#7) and Proposition imply the equality above. O
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Let us put

83FGW

1 d _d = |{—
((771’779’779’))' Ot1,10tg,a0t g1 0 =

0 -

Propositions 414 [£16] and ET7] imply the following corollary.

Corollary 4.19. Let g,g' be in Jp,, and let (d,d’) be in {0,...,
dim(c P(w)(g)} X {0, ce ,dim(c ]P’(w)(g,)}

(1) If 1+ deg(nd)/2 + deg(nd) /2 = n+ p(v(g™") +7(¢'~1)) # 0 mod p,

(2) If 1+ deg(n})/2 + deg(n)/2 = n+ p(v(¢™") +7(¢'")) = 0 mod 4,
then we have

(Hiel(g)ﬂl(g’) wi) if 2+ degnd + degn? # 2n,

(1 mimg) = . g &
(Hiel(g) wi) if 2+ degng + degny, = 2n.

To determine the matrix Aj = Ex |z—o, we use formula ([@7). This formula
shows that the data (17, ng, 773: )) and the orbifold Poincaré duality (-, -) enable
us to compute the matrix Ag.

5. Frobenius structure associated to the Laurent polynomial f

In this part, we will use the following notation.

Notation 5.1. Let n and wy,...,w, be some integers greater than
or equal to one. We put g = wy + --- + w,. Consider the set
L% o{€/w; | € € {0,...,w; — 1}} where | | means the disjoint union. Choose
a bijection s : {0,...,pu— 1} — [ ' {¢/w; | £ € {0,...,w; — 1}} such that
V o s is nondecreasing. Let us consider, as in [DS04], the rational numbers
(i) :==1—us(i) fori € {0,...,u—1}.

Let U := {(ug,...,un) € C" | g -u¥ =1} Let f: U — C be the
function defined by f(ug,...,un) = ug + -+ + u,. The polynomial f is not
exactly the one considered in [DS04], but we can apply the same methods.

An easy computation shows that the critical value of f is u¢ (IT\ w;" )71/ .
where ( is a p-th root of unity. In [DS03], there exists a Frobenius structure
on the base space of any universal unfolding of f. In this example, we will
see (cf. Theorem B3) that the Frobenius structure is semi-simple, i.e. we can
reconstruct the Frobenius structure from some initial data.
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Let A§ be the matrix of size u x p defined by (recall that a +b =a+b
mod )

4 _Jm if s(j+1) =s(j);
(Ao, = 1 .

il licr(syywi otherwise.
The eigenvalues of A§ are exactly the critical values of f. Hence, Af is a
semi-simple regular matrix. In the canonical basis (eg,...,e,—1) of C*, we
define the bilinear nondegenerate form g by

-1 T
iel(s(k)) Wi ifj+k=mn;
(5.2 gles,ex) = | Lt .
0 otherwise.

Let Ao be the matrix of size p x p defined by Ao, = diag(c(0),...,0(u—1))
(cf. Section for the definition of o(-)). This matrix satisfies Ao, + A% =
n -id where A% is the adjoint of A, with respect to g.

Theorem 5.3 (Theorem 2 of [DS04]). The canonical Frobenius structure
on any germ of a uniwversal unfolding of the Laurent polynomial f(ug,. .., un,)
=ug+ -+ u, on U is isomorphic to the germ of a universal semi-simple
Frobenius structure with initial data (A§, Aso, €0,g) at the point

n n n
(un;“”',uCH w; L 7u(”_1H wi_w"> e CH.
i=0 i=0 i=0

5.a. The Gauss-Manin system and the Brieskorn lattice of the
Laurent polynomial f. One can compute the initial data (A§, Ao, €g, g) of
the Frobenius structure from the Jacobian algebra of f. Namely, the prod-
uct on the Frobenius manifold at the origin comes from the product on the
Jacobian algebra of f via the isomorphism given by the primitive form

dug A ... A dun
ug Un

?

Moreover, the multiplication by the Euler field is induced, via this isomor-
phism, by the multiplication by f. Finally, the nondegenerate form g is given
by a residue formula. In this example, the form g can also be computed from
a duality on the Brieskorn lattice of f. In this example, this way is easier. For
this reason, we will use the Gauss-Manin system and the Brieskorn lattice of
f to get the initial data.

In the following, we will not give details, we refer to [DS03], [DS04]. For a
better exposition, we will suppose that the weights are relatively prime (see
[Man05] for the general case). The Gauss-Manin system of f is defined by
G = Q"(U)[9,071]/(0d — df) A Q"~1(U)[0,0~']. The Brieskorn lattice of f,
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defined by Gy := Im(Q2"(U)[0] — G), is a free C[#]-module of rank p. We
define inductively the sequence (a(k),i(k)) € N**1 x {0,...,n} by

a(0) = (0,...,0), i(0) =0,
a(k+1) = a(k) + L, i(k+1) =min{j | a(k +1);/w;}.
For k € {0,...,u— 1}, we put wy := wekmin(s(k)))—a(k) g a(k) 0 where u2(F) =
u%(k)l ...u%(k)" and we) .= w%(k)l ...w%(k)". The classes of wy,...,wu—1

form a CIf]-basis of Gy, denoted by w. This basis induces a basis, denoted

by [w], of the vector space G¢/0Gy. The product structure on the Jacobian

quotient O(U)/(0f) is carried to Go/0Gy through the isomorphism ¢ — @wy.
Proposition 5.4. In the basis [w] of Go/0Gy, the product is given by

[wl] * [wj] _ wﬁ(kmin (s(0)))+a(kmin(5(5))) —a(kmin(s(i+5)))+a(i+i) —a(i+j) [wm]

where 1 + j is the sum modulo .

Remark 5.5. This proposition will be used in Section[6.b]in order to prove
the classical correspondence. In fact, we will define a product on the graded
ring gr’¥ (Go/0Go) where N, is the Newton filtration of f.

According to Section of 4 of [DS04], the metric g on Go/0G, in the basis
[w] is given by Formula (52)).

We define

(5.6) ([al [0], [e])) == g([a] = [b], [])

for any [a], [D], [c] in G/0Gy. Proposition B4 and Formula (52]) imply
Corollary 5.7. Let j, k be in {0,...,u—1}.

(1) Tk #n, then ([w1], [w;], [wi]) =0.
(2) F1+j+k=n, then

[Licrin w; b ifo(1) +o(j) +o(k) #
[Licisiy w;t ifo(1) +o(j) +o(k) =

where I1(j,k) :==1(s(j)) U I(s(k)).

Remark 5.8. (1) This corollary will be useful for proving the quan-
tum correspondence in Section Because the bilinear form g is
nondegenerate, one can reconstruct the multiplication by [w] from
this corollary and the bilinear form g.

(2) Let us remark that the numbers Ay,;,(0) in Theorem [5.13] are exactly

([or]; [wy], [wn])-

MMHwmez{
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5.b. Potential of the Frobenius structure. In this section we study
the potential of the Frobenius structure, and we show that the potential is
determined by some numbers (see Theorem [5.13]).

Let X be the base space of a universal unfolding of f. Let to,...,t,—1 be
the flat coordinates in a neighborhood of 0 in X. We define the Euler field by

n—1

(5.9) €= ) (L—0o(k)txdsy + pos,.

We develop the potential of the Frobenius structure in series, and we denote
it by

Foma(t) = Y A(a)i

050y —120
o 50 tiﬁjl
where o := (ag,...,,1) and &y = rrRR We define |a| := ap +

o+ + a1 and we call it the length of a. We denote by (g?°) the inverse
matrix of the nondegenerate pairing g in the coordinates t. For any i, j, k, ¢ €
{0,..., . — 1}, the potential satisfies the following conditions:

(5.10)

pn—1 pn—1

(i,7,k,0) Z Fisj’gbggaa* FPh = Z Fjs]zzggaa* FZ"9 (WDVV equations),
a=0 a=0

(5.11) €. F5" = (3 —n)F*"™  up to quadratic terms,
sin sin aSFsing

(5.12) F3%(0) = g |t=0 (Or, % Oy, Oy,,) Where F}" =

Uk o0t 0ty
Note that g |¢=o (0%, * 0¢;,0%,) = (Wi, wj,wx)). Denote by Ajjx(ar) the
number A(ag,...,o; +1,...,05+ 1, o+ 1,0 au-1).
Theorem 5.13. The potential F*™9 is determined by the numbers Ay ;1(0)
with j,k € {0,...,pu— 1} such that 1+ j + k = n.
Remark 5.14. (1) If 1+j+k # n, then Condition (5IZ) implies
that A1;,(0) = 0. This condition is exactly Proposition 14 on the
A side.

(2) If we interpret this theorem on the A side, this means that we have
an algorithm to reconstruct the full quantum cohomology from the
small one. Note that recently, M. Rose has proved in [Ros06] a gen-
eral reconstruction theorem for smooth Deligne-Mumford stacks. As
the small quantum cohomology of weighted projective spaces is gen-
erated by H?(|P(w)|,Q) (cf. Corollary 1.2 of [CCLT06]), Theorem 0.3
of [Ros06] implies that all genus zero Gromov-Witten invariants can
be reconstructed from the 3-point invariants.
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Proof. First, we will show that the potential is determined by the numbers
A;;i(0) for any 4,5,k € {0,...,pn — 1}

We will show this by induction on the length of the numbers A(a). For
any i,7,k,£ € {0,...,u— 1}, the term of Féi”ggaa*F;fzz between ';—a, is

ija

g 3 <ﬁ0> . (5H—1> Aija(B)Agr (7).

Biv=a N0 Au-1

Hence, the terms of the greatest length, that is of length |a| + 3, in the above
sum are ¢ Ajjo(o)Agrre(0) and g A;ija(0)Agsre(a). As the potential sat-
isfies Conditions (5.12), we deduce that A, (0) # 0 if and only if a =7 + ;.
In the WDVV equation (1,7, k,¢), the terms of length |a| + 3 in front of

The terms of the form As7(0) are computed by (5I2]), and the homogeneity
condition (BIT)) implies that

1
Alag,on + 1, 09,...,0p1) = ;A(a)d(a) for || > 3

where d(a) =3 —n + ZZ;; ag(o(k) —1). Hence, we can express the num-
bers Aj77(a) with numbers of strictly smaller length. The WDVV equation
(1,7, k,€) gives a relation between A7,.(a) and A 75(a). We conclude
that after a finite number of steps, we can express any number A;;;(a) with
terms of strictly smaller length. By induction we have that the potential is
determined by the numbers A;;x(0) for any 4,7,k € {0,...,p— 1}.

In order to finish the proof, it is enough to show that we can compute
any numbers A;;;(0) from the numbers of the form A;77(0). The numbers of
length 3 in the equation (1, j, k, ) are nonzero if and only if 1 + j + k + ¢ = n.
Under this condition, we have 1 4+ 7 =k + 7" and j+k =1+/{ Hence, the
terms of length 3 in the equation (1,7, k,¢) are

Aljm*(o)Aﬁjke(o) and Ajkm(O)Am*le(o)-

Considering successively the WDVV equations (1,5 — 1,k, ¢+ 1), (1,5 — 2, k,
¢+2),..., we can express A1y5;,(0) in terms of the numbers of the form
A122(0). U
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6. Correspondences

6.a. Combinatorics of numbers 0. We define an order on the circle
S by choosing the principal determination of the argument. Choose a non-
decreasing bijection 5 : {0,...,u — 1} — ||m,,. For any g € | |p,,, we
put

kmin(g) := min{i € {0,...,u— 1} | 5(4) = g}.
For any g € | | u,,,, we define v(g) to be the unique element in [0, 1[ such that
exp(2imy(g)) = g. Recall that we have defined o(-) in Notation 5l We have
that o (i) = ¢ — py(5(i)).
The following proposition is straightforward.
Proposition 6.1. (1) For any g € | |p,,,, we have

kmin(g) = codimP(w) 4y + Z[’y(g)wi]

where -] means the integer part.
(2) For any g € ||mp,, anddc {0,...,dimP(w))}, we have

20 (kmin(g™1) +d) = deg(ng).

(3) For any g,9 € |Jp,, and (d,d') € {0,...,dimP(w)} x
{0,...,dimP(w) 4}, we have the following equivalence:

kmin(gil) + d + kmin(glil) + d/ =n mod )

9.9' =1id,
d+d = dim IP’(w)(g)
6.b. Proof of the classical correspondence. Denote by N,G the New-
ton filtration of the Gauss-Manin system G (see Paragraph 2.e of [DS03]).

This filtration induces a filtration on Go/0Gy, denoted by N(Go/0Go) or
just My when there is no ambiguity. Let = be the C-linear map defined by

E : HZ (P(w),C) — grY (Go/0Gh),
1% [Whin (g=1)+d)

where [] means the class in gr) (Go/6Go). The nondegenerate bilinear form
g(-,+) on Gy/0G, induces a nondegenerate bilinear form, denoted by [g](-, ),
on grd (Go/0Gy). Because for any 31,32 € Q, we have that N, (Go/0Go) x
N3, (Go/0Gy) is included in Npg, 45,(Go/0Go) (see Proposition VI.3.1 of
[Man05]), we can define a product, denoted by U, on gr¥ (Go/0G).
Theorem 6.2. The map = is a graded isomorphism between the graded
Frobenius algebras (HZ, (P(w),C), U, (-,-)) and (gr¥ (Go/0Go), U, [g](-,-)).
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Proof. According to Corollary BIIl we have deg(nfj) = 2(d + age(g)).
Proposition B.II2) implies that Z(7¢) is in the graded grgfra(w) (Go/0Gy). We
conclude that = is a graded map. On the one hand, Proposition B.I3] Formula
(£-2) and Proposition B.IIB) imply that (ne, n$;> = [9](E(nd), H(ngi)). On the
other hand, Corollary B.I§ and Proposition 5.4 imply that E(nﬁ‘fg U nffi) =
E(ngs) UE(5))- O

6.c. Proof of the quantum correspondence. Let Z be the C-linear
map defined by

[1

1

[I]2

: QHZ (P(w), C) — Go/6Gh,

(o}

15— [Whin (g=1)-d)-

This map is an isomorphism of vector spaces.

Corollary 6.3. Let wy,...,w, be integers. The Frobenius manifolds as-
sociated to the Laurent polynomial f and the orbifold P(w) are isomorphic.

Proof. Since the Frobenius manifold associated to f is semi-simple (cf.
Theorem [B.3)) it is enough to show that both Frobenius manifolds carry the
same initial conditions.

Theorem [B.3] gives us the initial condition (A, Ax, €0, g) for the Frobenius
manifold associated to the Laurent polynomial f. Theorem implies that
we have the same matrix A, the same eigenvector e, for the eigenvalue ¢ = 0
and the same bilinear nondegenerate form.

We have to compare the matrices Af which correspond to the multipli-
cation by the Euler fields at the origin. Formulas (823) and (5.9) show
that the Euler fields are the same. Corollary [£19, via Propositions 414l
and T7 and Corollary 5.7 imply that for any g,¢' € Jp,, and (d,d') €
{0,...,dimP(w)g} x {0,...,P(w) 4}, we have

(i nd 0%y = (nf,nd nb)
= (E().E(nD), Em))
= g(Z(m) *Z(n), Z(nd)).

Moreover, Proposition BI3] and Formula (£.2)) imply that we have <77;l, ng: ) =
g(é(ng), E(ngf )). Hence, we deduce that the multiplications by the Euler field
at the origin are the same. O
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7. Appendix : Small quantum cohomology
of weighted projective spaces

In [CCLTO0G6], T. Coates, A.Corti, Y.-P. Lee and H.-H. Tseng have com-
puted the small quantum cohomology of weighted projective spaces. We recall
their results with our notation.

Denote the elements of |Jpw, by 1 = go < -+ < gs where the order is
defined by choosing the principal determination of the argument (cf. Notation
[3.24)). Recall that for any g € (J p,,,, there exists a unique y(g) € [0, 1] such
that g = exp(2i7y(g)).

For any k € {0,...,d}, put

! if k=1,
H (Y(gr) — V(g )) TPt +1
Sk = 'Y(gm)<'y(gk)n —
[T (g5 rowesl
i=0

where we put
2t =z(x—-1)...(r—n+1).

According to Corollary 1.2 of [CCLT06], the small quantum cohomology of
weighted projective spaces is generated by n{ and 7)) for any g € J p,,,. The
relations are

(71) (n%)kmin(gk) — Q’Y(gk)skng;h
g oxnt = Quwi™
Pwi

where kmin(9) := > [wivy(g)] +codimP(w) 4 (cf. Section 6.a for another inter-

pretation of ki, ) and @ is a formal variable of degre p. The careful reader will

notice that Equation (7)) is not exactly the one of Corollary 1.2 in [CCLT0G].

Indeed, they define weighted projective spaces differently; that is, as the quo-

tient stack of [C"T! — {0} /C*] where C* acts with weights —wp, ..., —w,.
Proposition 7.2. For any k € {0,...,0}, we have that

dimP(w),, _ _
n ) o) ngng'Y(gk) v(gr-1) H wil,
o i€l(gr-1)

Proof. First, we will show that for any k € {0,...,4d}, we have

(7.3) sp = H w; [v(gr)wi] )
1=0
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For any k € {0,...,6} and any i € {0,...,n}, we have
w;| — 1 w;
Wy w;
We deduce that
i v 14
[I6 (@) wP @] (g0 - ).

W
i=0 ¢ g
£/w; <v(gx)

We deduce Formula ([T3).
Put d(g) := dimP(w)g,). We have

Section 6.a and Proposition 6.1 imply that kmin(gx—1)+d(gk—1)+1 = kmin(9x)-
We deduce that

77% *775;9111—1) _ (n%)kmm(gk)Q*V(gk—ﬂ H wi['Y(gk—l)wi]
B i=0

0 Y(9k)—=v(gK-1) - [v(gr—1)w:]—[v(gr)wi]
_ng,le k k-1 le )

i=0
Then the following lemma finishes the proof. 0
Lemma 7.4. For any i € {0,...,n}, we have

-1 ZfZ c I(gk—l);
0 otherwise.

[wiv(gr—1)] — [wiy(gr)] = {

Proof. By choosing the principal determination of the argument, we order
the elements in | J p,,, by 1 =go < g1 <--- < g4. Hence we have

O<wiy(pr) < - <1< <2< <w;— 1< <wi(gq)-

The above formula implies the following alternative:
o Ifw;y(gr—1) € N(i.e.i € I(gr—1)), we have [w;y(gr—1)[—[wiv(ge)] =
—1.
o If w;v(gr) € N, we have [w;v(gr—1)] — [wiy(gx)] = 0.
o If wiy(gr—1), wiv(gr) € N, we have [w;iy(gx-1)] — [wiv(gr)] = 0.
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