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We give an interpretation of quantum Serre theorem of Coates and Givental as a duality
of twisted quantum D-modules. This interpretation admits a non-equivariant limit, and
we obtain a precise relationship among (1) the quantum D-module of X twisted by a
convex vector bundle E and the Euler class, (2) the quantum D-module of the total space
of the dual bundle EY — X, and (3) the quantum D-module of a submanifold Z c X cut
out by a regular section of E. When E is the anticanonical line bundle K}', we identify
these twisted quantum D-modules with second structure connections with different
parameters, which arise as Fourier-Laplace transforms of the quantum D-module of X.
In this case, we show that the duality pairing is identified with Dubrovin’s second metric

(intersection form).

1 Introduction

Genus-zero Gromov-Witten invariants of a smooth projective variety X can be encoded

in different mathematical objects: a generating function that satisfies some system of
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2 H. Iritani et al.

partial differential equations (Witten-Dijkgraaf-Verlinde-Verlinde equations), an asso-
ciative and commutative product called quantum product, the Lagrangian cone Lx of
Givental [13] or in a meromorphic flat connection called quantum connection. These
objects are all equivalent to each other; in this paper, we focus on the realization of
Gromov-Witten invariants as a meromorphic flat connection.

Encoding Gromov-Witten invariants in a meromorphic flat connection defines
the notion of quantum D-module [10], denoted by QDM(X), that is a tuple (F, V, S) con-
sisting of a trivial holomorphic vector bundle F over H® (X) x C, with fibre H®(X), a
meromorphic flat connection V on F given by the quantum connection:

V=d+) (T,e.)dt" + (—%(Qﬁo) + %) d;z

a=0 2
and a flat non-degenerate pairing S on F given by the Poicaré pairing (see Definition 2.1
and Remark 2.4). These data may be viewed as a generalization of a variation of Hodge
structure (see [19]).

Quantum Serre theorem of Coates and Givental [4, Section 10] describes a cer-
tain relationship between twisted Gromov-Witten invariants. The data of a twist are
given by a pair (c, E) of an invertible multiplicative characteristic class ¢ and a vec-
tor bundle E over X. Since twisted Gromov-Witten invariants satisfy properties similar
to usual Gromov-Witten invariants, we can define twisted quantum product, twisted
quantum D-module QDM ) (X) and twisted Lagrangian cone L£©F) associated to the
twist (c, E). Let ¢* denote the characteristic class satisfying ¢(V)c*(V") =1 for any vec-
tor bundle V. Quantum Serre theorem (at genus zero) gives the equality of the twisted
Lagrangian cones:

ﬁ(c*,EV) =C(E)L(C’E). (1.1)

Quantum Serre theorem of Coates and Givental was not stated as a duality. An obser-
vation in this paper is that this result can be restated as a duality between twisted

quantum D-modules.

Theorem 1.1 (see Theorem 2.11 for more precise statements). There exists a (typically
non-linear) map f: H®(X) - H®(X) (see (2.7)) such that the following holds:

(1) The twisted quantum D-modules QDM g)(X) and f*QDM+ gvy(X) are dual
to each other; the duality pairing S® is given by the Poincaré pairing.
(2) The map QDM g)(X) - f*QDM(- gv)(X) sending o to ¢(E) U « is a morphism

of quantum D-modules. O

GTOZ ‘8 Jequeidas uo 1s9nb Aq /B10'sfeuuno [paojxo uiwi//:dny wouy papeojumoqd


http://imrn.oxfordjournals.org/

Quantum Serre Theorem as a Duality Between Quantum D-Modules 3

Genus-zero twisted Gromov-Witten invariants were originally designed to com-
pute Gromov-Witten invariants for Calabi-Yau hypersurfaces or non-compact local
Calabi-Yau manifolds [2, 11, 25]. Suppose that E is a convex vector bundle and ¢ is
the equivariant Euler class e;. In this case, non-equivariant limits of (c, E)-twisted
Gromov-Witten invariants yield Gromov-Witten invariants of a regular section Z C X
of E and non-equivariant limits of (c*, EV)-twisted Gromov-Witten invariants yield
Gromov-Witten invariants for the total space EV. The original statement (1.1) of quan-
tum Serre theorem does not admit a non-equivariant limit since the non-equivariant
Euler class is not invertible. We see however that our restatement above passes to the

non-equivariant limit as follows:

Corollary 1.2 (Theorem 3.14, Corollary 3.17). Let E be a convex vector bundle and let
e denote the (non-equivariant) Euler class. Let h: H®(X) — H®(X) be the map given by
h(t) =t +n+/—1c(E) and let f: H®(X) — H®(X) denote the non-equivariant limit of

the map f of Theorem 1.1 in the case where ¢ =e;. We have the following:

(1) The quantum D-modules QDM g)(X) and (ho H*QDM(EY) are dual to each
other.

(2) Let Z be the zero-locus of a regular section of E and suppose that Z satis-
fies one of the conditions in Lemma 3.15. Denote by ¢: Z < X the inclusion.
Then the morphism e(E): QDM g)(X) — (ho )*QDM(EY) factors through
the ambient part quantum D-module QDM (Z) of Z as:

e(E)U

QDM ) (X) — (ho f)*QDM(EY)

' % / (1.2)

(t*)*QDMamp (Z) g

What is non-trivial here is the existence of an embedding of QDM,n,(Z) into
QDM(EY). This is reminiscent of the Knorrer periodicity [21, 32]: we expect that this
would be a special case of a more general phenomenon which relates quantum coho-
mology of a non-compact space equipped with a holomorphic function W to quantum
cohomology of the critical locus of W.

In Section 4, we introduce certain integral structures for the quantum
D-modules QDM g)(X), QDM(EY), and QDMamp(Z), generalizing the construction in

[17, 19]. These integral structures are lattices in the space of flat sections which are
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isomorphic to the K-group K(X) of vector bundles. We show in Propositions 4.4 and 4.5

that the duality pairing S

is identified with the Euler pairing on the K-groups, and
that the maps appearing in the diagram (1.2) are induced by natural functorial maps
between K-groups.

In Section 5, we consider the case where E = Kgl and study quantum cohomol-
ogy of a Calabi-Yau hypersurface in X and the total space of Kx. We show that the small
quantum D-modules SODM(qu;)(X) and SQDM(K) are isomorphic to the second struc-
ture connections of Dubrovin [8] (Here small quantum D-modules are the restriction of
quantum D-modules to the H?(X)-parameter space). The second structure connections
are meromorphic flat connections V© on the trivial vector bundle F over H®(X) x Cy
with fibre H®V(X), which is obtained from the quantum connection of X via the Fourier—

Laplace transformation with respect to z! (see (5.5)):

1

01~ X, Z =~ —0x.

The second structure connection has a complex parameter o; we will see that the two

small quantum D-modules correspond to different values of o.

Theorem 1.3 (see Theorems 5.16 and 5.19 for more precise statements). Suppose that

the anticanonical class —Kx of X is nef. Let nbe the dimension of X:

(1) There exist maps ey, Tioc: H2(X) x Cx — H?*(X) and isomorphisms of vector

bundles with connections:

v om
Veu: (F, VU2 2 e, — 73 SADM 1) (X) |1
Ry
Yioc : (F, V2 ) | g2y, — 715, SQDM(Kx)| =1

which are defined in a neighbourhood of the large radius limit point and for
sufficiently large |x|.

(2) The duality pairing S between 74,SQDM 1) (X) and rj, SODM(Ky) is
identified with the second metric §: (O(F), V"2)) x (O(F), VE-")) — O given
by

9(y1, v2) =J nu@X) e, —x) 'y,
X

over H?(X) x Cy. O

Combined with the commutative diagram (1.2), this theorem gives an entirely

algebraic description of the ambient part quantum D-module of a Calabi-Yau
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hypersurface Z in a Fano manifold X (Corollary 5.20). We will also describe the A-model
Hodge filtration for these small quantum D-modules in terms of the second structure
connection in Section 5.8. These results are illustrated for a quintic threefold in P* in
Section 6. Note that the second structure connection is closely related to the almost dual
Frobenius manifold of Dubrovin (see [9, Proposition 3.3]) and our result may be viewed
as a generalization of the example in [9, Section 5.4].

This paper arose out of our previous works [18, 28] on quantum D-modules of
(toric) complete intersections. The embedding of QDM,,,(Z) into QDM(E") appeared in
[18, Remark 6.14] in the case where X is a weak Fano toric orbifold and EY = Ky; in
[28, Theorem 1.1], QDMamp(Z) was presented as the quotient QDM g)(X) by Ker(e(E)U)
when E is a direct sum of ample line bundles. We would also like to draw attention to a
recent work of Borisov and Horja [1] on the duality of better behaved Gelfand Kapranov
Zelevinsky systems. The conjectural duality in their work should correspond to a certain
form of quantum Serre duality generalized to toric Deligne-Mumford stacks.

We assume that the reader is familiar with Givental's formalism and quantum
cohomology Frobenius manifold. As preliminary reading for the reader, we list [4, 13; 27,
Chapter I II].

Notation 1.4. We use the following notation throughout the paper.

X a smooth projective variety of complex dimension n.
E a vector bundle over X of rank r with EY the dual vector bundle.
(Ty,...,Ts) an homogeneous basis of H®(X) = @Z:O H?P(X,C) such that Tp =1
and {Tj, ..., T,} form a nef integral basis of H?(X).
o, ..., t) the linear coordinates dual to the basis (Tp, ..., Ty); we write
=) ot*T, and 9, := (3/3t%).
(T° ..., T%) the Poincaré dual basis such that [, T, U T# =6F.

Eff(X) the set of classes in H,(X, Z) represented by effective curves.

y(d the pairing [,y between y € H*(X) and d € Hy(X).

e; the equivariant Euler class.

e the non-equivariant Euler class. 0

2 Quantum Serre Theorem as a Duality

In this section, we reformulate quantum Serre theorem of Coates and Givental [4] as a
duality of quantum D-modules. After reviewing twisted Gromov-Witten invariants and

twisted quantum D-modules, we give our reformulation in Theorem 2.11.
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2.1 Notation

We introduce the notation we use throughout the paper. Let {Ty, ..., Ts} be a homo-
geneous basis of the cohomology group H*"’(X):@'ZF0 H?P(X; C) of even degree. We
assume Ty =1 and Ti,..., T, form a nef integral basis of H?(X) for r =dim H?(X) <s.
Let {t°, ..., t°} denote the linear co-ordinates on H® (X) dual to the basis {Tp, ..., T;} and
write =) :_,t*T, for a general point of H*(X). We write 9, =9/9t* for the partial
derivative.

Let Eff(X) denote the set of classes of effective curves in H,(X;Z). Let K be a
commutative ring. For d € Eff(X), we write Q¢ for the corresponding element in the group
ring K[Q] := K[Eff(X)]. The variable Q is called the Novikov variable. We write K[Q] for
the natural completion of K[Q]. For an infinite set s = {sy, S, S, . . .} of variables, we define

the formal power series ring

Klsl=Klso, s1, s2, - . .1

to be the (maximal) completion of Kl[sy, s1, Sz, . ..] with respect to the additive valuation v
defined by v(sy) = k+ 1. We write

Cla, <1, CcCIa,s,zl, and CIlZlQ,s, ]

for the completions of Cl[Qllt°,...,#], CIQll, ..., , s, s1,S2,...], and ClzlQll, ...,
t5, o, S1, S2, . . .1, respectively. We write 7, = ZLI t'T; for the H?(X)-component of t and
set Tt =1, + 7’. Because of the divisor equation in Gromov-Witten theory, the Novikov
variable Q and 1, often appear in the combination (Q e?)?¢ = Q?¢et i@+ +:T(@d Therefore

we can also work with the subring
Clae™, '1=ClQe™I?, ¢, ..., 1 cClaQ, 7.

The subrings Cl[Qe®,s,t'l1cClQ,s, 1], ClzlQe®,s,t']1cClzlQ,s,t] are defined

similarly.

2.2 Twisted quantum D-modules

Coates and Givental [4] introduced Gromov-Witten invariants twisted by a vector bundle
and a multiplicative characteristic class. We consider the quantum D-module defined by

genus-zero twisted Gromov-Witten invariants.
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2.2.1 Twisted Gromov-Witten invariants and twisted quantum product

Let X be a smooth projective variety and let E be a vector bundle on X. Denote by
Eff(X) the subset of Hy(X, Z) of classes of effective curves. For d € Eff(X) and g, ¢ €N,
we denote by My (X, d) the moduli space of genus g stable maps to X of degree d and
with ¢ marked points. Recall that ./\;lg,g(X, d) is a proper Deligne-Mumford stack and
is equipped with a virtual fundamental class [/\;lg,e(X, A’ in Hzp(/\;lg,e(X, d), Q) with
D=(1-g)(dim X — 3) + (c;(X) - d) + £. In this paper, we only consider the genus-zero

moduli spaces. The universal curve of Mg (X, d) is Mg .1 (X, d):

eVeyl

Mo11(X, d) X

lﬂ

Mo (X, d)

where 7 is the map that forgets the (¢ + 1)th marked point and stabilizes, and ev,,; is
the evaluation map at the (¢ 4+ 1)th marked point.

The vector bundle E defines a K-class Eoq:=mej E € KO(MO’Z(X, d)) on the
moduli space, where m, denotes the K-theoretic push-forward. The restriction to a point
(f:C — X) € Mo (X, d) gives

Eocdl rcx=[H(C, f*E)l - [H'(C, f*E)l.

Forie(l,..., ¢}, let £; denote the universal cotangent line bundle on ./\;lo,z(X, d)
at the ith marking. The fibre of £; at a point (C, x;,..., %, f: C — X) is the cotangent
space T;C at x;. Put ¥; := ¢y (£;) in HA(Mo (X, d), Q).

The universal invertible multiplicative characteristic class c(-) is given by:

k=0

c(-) =exp (Z SkChk(')>

with infinitely many parameters s, 1, S, .... In the discussion of Coates-Givental's
quantum Serre theorem, we treat sy, 1, S, ... as formal infinitesimal parameters. On
the other hand, the result we obtain later sometimes makes sense for non-zero val-
ues of the parameters. For example, we will use the equivariant Euler class for c¢(-) in

Section 3.
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The genus-zero (c, E)-twisted Gromov-Witten invariants are defined by the fol-

lowing formula. For any y4, ...,y € H*¥(X) and any ki, ..., k, € N, we put:
(Vﬂﬂkl,---,Velﬁk[ﬁfé:—‘[ (1_[ yitev) %) C(Eo,¢,q)-
Mo, (X, d)]Vir

We also use the following notation:

LE
(v, ke = 3 Z - e VW T T

deEff(X) k>0

The genus-zero twisted Gromov-Witten potential is

0 E (c,E)
Fe.m (@ =) (c ) = Z Z T, Tokd -

deEff(X) k>0

The genus-zero-twisted potential F E)(r) lies in C[Q, s, 7]. By the divisor equation, we
see that it lies in the subring C[Qe™, s, 7']. Introduce the symmetric bilinear pairing
(-, )r on HY(X) ® Clsl] by

1, V2)(c.E) =J' 71 Uyz2 UC(E).
X
The (c, E)-twisted quantum product %% is defined by the formula:
(To o) Ty, T)) c.5) = 000y Flg ) (7). (2.1)

The structure constants lie in C[Q e™, s, '] C C[Q, s, t]. The product is extended bilin-
early over C[Q,s, r] and defines the (c, E)-twisted quantum cohomology (H®(X) ®

Cla, s, 71, .gc’E>). It is associative and commutative, and has T, = 1 as the identity.

2.2.2 Twisted quantum D-module and fundamental solution

Definition 2.1. The (c, E)-twisted quantum D-module is a triple
QDM ) (X) = (H(X) ® ClzlQ, s, ], V&, S¢ )
where V& is the connection defined by
veE: HY(X) @ ClZlQ, s, 11— z ' H¥(X) ® ClZlQ, s, 7]

1
Véc’E) =0y + E(Ta.i‘:’E)), a=0,...,s,
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and S g) is the “z-sesquilinear” pairing on H*(X) ® Cl[z][Q, s, 7] defined by

Sec.5)(U, v) = (W(—2), v(2))(c,E)

for u, v e H¥(X) @ ClZl[Q, s, t]. The connection V©& is called the quantum connection.
When ¢ =1 and E =0, the triple

QDM(X) = (H*(X) ® ClZlQ, 7], V=V="F=0 S=S¢_1 _0))
is called the quantum D-module of X. O

Remark 2.2. The module H®(X) ® C[Z][Q, s, ] should be viewed as the module of sec-
tions of a vector bundle over the formal neighbourhood of the point Q=s=1t=2z=0.
Since the connection V©# does not preserve H®(X) ® CIZI[Q, s, t], quantum D-module
is not a D-module in the traditional sense. It can be regarded as a lattice in the D-module
H®(X) ® Clz*l[Q, s, 7] (see, e.g. [34, p. 18]). O

Remark 2.3. As discussed, structure constants of the quantum product belong to the
subring C[Q e™, s, 7']. Therefore, the twisted quantum D-modules can be defined over

ClzllQ e®, s, 7’]. This will be important when we specialize Q to one in Section 3. |

Remark 2.4. For c=1 and E =0, we can complete the quantum connection V in the

z-direction as a flat connection. We define

deg
za =20, — _(Qz.r) + —
2
where €=3Y"_ (1 — % deg T,)t* T, + c1 (T X) is the Euler vector field. O

The quantum connection V©£ is known to be flat and admit a fundamental solu-
tion. The fundamental solution of the following form was introduced by Givental [11,
Corollary 6.2]. We define L g)(t, z) € End(H® (X)) ® Clz!][Q, s, 7] by the formula:

Ler (T, 2)y =y — Z«ZJH// T>>

where y/(z+ ) in the correlator should be expanded in the geometric series

Yoo VY (=2)

©E) qu
C(E)

T

Proposition 2.5 (see, e.g. [18, Proposition 2.1; 33, Section 2]).
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The quantum connection V£ is flat and L g)(t, 2) gives the fundamental solu-

tion for V() Namely we have
VO([C’E)(L(C,E)(T, 2)y)=0, a=0,...,s
for all y € H®(X). Moreover, S g is flat for V&) and L g (7, 2) is an isometry for Se g):
dSec.5) (U, v) = S5 (VP U v) + S5y (u, V)
Sie.5) (U, V) = S,y (Lc. By U L(c,E)V)
where u, v € H*(X) ® ClZlQ, s, 1. O

From the last point of Proposition 2.5, one can deduce that the inverse of L g

is given by the adjoint of L g)(r, —2). Explicitly,

- N @8 T,
Lc,r (T, 2 Ly=y+ O(ZZO <<m, )/>>t &) (2.2)

Definition 2.6. The (c, E)-twisted J-function is defined to be

Je.r)(t,2) i=2L ¢ 5 (1, 2) "1

S T, (c,E) T
:””;«z—w», o(E) 23

We deduce the following equality for« =0, ..., s:
Lcr (1,2 Ty =Ler (1,2 2VEP1 =8, Jc5 (1, 2). (2.4)

Remark 2.7. When c=1 and E =0, we can complete the quantum connection V in the
z-direction as in Remark 2.4. The fundamental solution for flat sections, including in the

z-direction, is given by L(z, z)z~ 9°8/222(T%); see [18, Proposition 3.5]. O

Remark 2.8. The divisor equation for descendant invariants shows that

(c.E) T

0,0+2.d C(E)

Qe | g—T2/z
Len(t.2y=e "+ Y < Y /,...,r’,Ta> (2.5)

,T
! —Z—
(d,6)#(0,0) v
deEff(X),£20

See, for example, [18, Section 2.5]. In particular, L belongs to End(H® (X)) ®
Clz'llQew,s, t'lltl. O
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2.3 Quantum Serre theorem in terms of quantum D-modules
We formally associate to ¢(-) another multiplicative class ¢*(-) by the formula:
c*(-) =exp (Z(—l)"*lskchk(-)) . (2.6)
k>0

The class c¢* corresponds to the choice of parameters s*=(s},sj,s;,...) with

Sp= (—1)*1s. For any vector bundle G, we have
c*(GV)e(G)=1.

Definition 2.9. Define the map f: H®(X) — H®(X) by the formula:

N
f)=> (T, c"(EV) T, (2.7)
a=0
More precisely, the formula defines a morphism f: SpfC[Q, s, 11 — SpfClQ, s, 7] of for-

mal schemes. O

Definition 2.10. The quantum Serre pairing S® is the z-sesquilinear pairing on
H%(X) @ ClZl[Q, s, ] defined by:

S (u, v) =J w(—2z) Uv(z)
X

for u,v e H¥(X) ® ClZlQ, s, t]. O

Theorem 2.11. (1) The twisted quantum D-modules QDM g)(X) and f*QDM- gv)(X)

are dual to each other with respect to S, that is,
3,59 (u, v) = SB(VEBD Yy, v) + B, (FVEE)),v) (2.8)

for u, v e H%(X) @ ClZl[Q, s, ].

(2) The isomorphism of vector bundles

C(E) : QDM g)(X) — QDM+, gy (X)

a—~>Cc(E)Ua

intertwines the connections V&), f*V(-£" and the pairings Se.z), f*Sc:.£v)-
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(3) The fundamental solutions satisfy the following properties:
C(E)L(c,5) (7, 2) = L e+, (f(7), 2)C(E),
S8, v) = SB(Lc.pyut, (f*Lier.£))V). O
We will give a proof of this theorem in Section 2.5.

Remark 2.12. (1) The pull back f*V©-E" is defined to be

aff () (€, EY)
g (Tho fir) -

. gV 1
VEEN =0, + =)
f ) +Zﬁ:0

where we set f(r) =) " _, f*(r)T,. The flatness (2.8) of S% implies a certain complicated
(c*,EY)

MV

(2) The map c(E) in the above theorem is obtained as the composition of the

relationship between the quantum products ¢%),

quantum Serre duality and the self-duality:

()" (f*QDM e+, 5 (X))

c(E)
QDM 5)(X) S QDM ¢+ vy (X)

where (—)* means the pull back by the change z+> —z of sign and (- --)” means the dual
as C[Zl[Q, s, T]-modules. Therefore, part (1) of the theorem is equivalent to part (2). O
2.4 Quantum Serre theorem of Coates—Givental

Coates and Givental [4] stated quantum Serre theorem as an equality of Lagrangian
cones. We review the language of Lagrangian cones and explain quantum Serre theorem.
2.4.1 Givental’s symplectic vector space

Givental's symplectic vector space for the (c, E)-twisted Gromov-Witten theory is an

infinite dimensional C[Q, s]-module:
H=H*"(X)® Clz, z '1[Q, s]
equipped with the anti-symmetric pairing

Q.5 (fi 9 =Res,—o(f(—2), 9(2) (¢, p dz.
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The space H has a standard polarization
H=H,®H_
where H.. are 2 g)-isotropic subspaces:

H, = H*"(X) ® CllQ, sl
H_=z'H®(X) ® Clz"'llQ, sl.

This polarization identifies H with the total space of the cotangent bundle T*H.. A gen-
eral element on H can be written in the form (note that the dual basis of {T,};_, with

respect to the pairing (-, ) g) is {C(E) ' T*}S_):

ZquTZk+ZZpk“C(E)_ Ta( )k+1

k=0 «=0 k=0 «=0

with pro, g¢ € CIQ, sl. The coefficients py,, gy here give Darboux co-ordinates on H in
the sense that Q¢ gy =) 1, dbee A dg;.

2.4.2 Twisted Lagrangian cones

The genus-zero gravitational descendant Gromov-Witten potential is a function on the

formal neighbourhood of —z1 in H, defined by the formula:

O grav

Foi (—z+t@) =) = Y. Z _ t(wl) Lt (W)okd

deEff(X) k=0

where t(2) = Y p, &Z* with & =), _, t T, is a formal variable in .. The variables {¢}
are related to the variables {g}} by & =g} + 8k 16a.0-

Definition 2.13. The (c, E)-twisted Lagrangian cone L« gy C H is the graph of the differ-
ential d]-'(oc’nger: H, — T*H, ='H.In terms of the Darboux co-ordinates above, L r) is cut
out by the equations
0,grav
pe, = e
o2 aqg .

In other words, it consists of points of the form:

S T (c,E) T,
—z+t(2) + Z << — >>t(1/,) &) (2.9)

with t(z) e H,. O
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Givental [13] showed that the submanifold L g) is in fact a cone (with vertex
at the origin of H). Moreover, he showed the following geometric property of L g). For

every tangent space T of L ) (T is a linear subspace of H),

o ZI'=TnN L(C,E):'
e the tangent space of L ) at any point in zT' C L g) is T.

Note that the twisted J-function (2.3) is a family of elements lying on L g):

T (c,E) T«
Jes)(r.~2) = —Z+I+Z<< ) &

obtained from (2.9) by setting t(2) =r.

Remark 2.14. In [3, Appendix B], L g) is defined as a formal scheme over C[Q, s]. For a
complete Hausdorff topological C[Q, s]-algebra R, we have the notion of R-valued points
on L g. An R-valued point on L ) is a point of the form (2.9) with € R such that
ty are topologically nilpotent, that is, lim,,(t)"=0. A C[Q, s]-valued point is given
by # € CIQ, sl with §|g=s=0 = 0. The J-function is a C[Q, s, r]-valued point on L ). In
what follows we mean by a point (2.9) on £ gy a C[Q, s]-valued point, but the discussion

applies to a general R-valued point. O

2.4.3 Tangent space to the twisted Lagrangian cone

Let g =g(t) denote the point on L g given in Equation (2.9). Differentiating g(t) in &
we obtain the following tangent vector:

(c.E)

ag(t) T? Tg .
ata = T Zk + Z«T 1[/ i w»t(w) @ 1n Tg£(c,E)~ (210)

The tangent space TyL r) is spanned by these vectors. Since TyL ) is complementary
to H_, TyLc, k) intersects with 1 + 7_ at a unique point. The intersection point is the one
(2.10) with k=a =0

A+H)NTgLer = { agg) =1- ﬂ + O( _2)}
where
3 u em T*
= (1, T»'(*Zf)c(E) (2.11)

a=0

Givental [13] observed that each tangent space to the cone is uniquely parametrized

by the value 7(t), that is, the tangent spaces at g(t;) and g(t;) are equal if and only
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if 7(t;) =7(t2). The string equation shows that 7(t) =t when t(z) =r. Hence Ty L )
equals the tangent space at g(7(t)) = Jc g (T(t), —2).

Proposition 2.15 ([13], see also [3, Proposition B.4]).
Let g=g(t) denote the point of L ) given in Equation (2.9). The tangent space

TyLc r) is a free C[Z][ Q, s]-module generated by the derivatives of the twisted J-function:

3.
B (1, —2) . 0
at* t=7(t)

Proof. As discussed, T,L r) equals the tangent space of L g) at J(t, —2) with t =7(t).
On the other hand, the tangent space at J g)(r, —2) is freely generated by the derivatives
3y Jic.r)(t, —2) [3, Lemma B.5], and the result follows. [ |

2.4.4 Relations between Lagrangian cones and QDM g)(X)

Proposition 2.15 means that the quantum D-module can be identified with the family of

tangent spaces to the Lagrangian cone L gy at the J-function J z) (7, —2).

(=)*QDM¢,5)(X): = Ty (v, -2 Loic.E)

Ty > 3 Jic. 1) (T, —2) = L ;) (t, —2) ' T,

where (—)* denotes the pull back by the sign change z+— —z and we used (2.4). This
identification preserves the pairing S z) and intertwines the quantum connection V on
QDM g)(X) with the trivial differential d on H: this follows from the properties of L ¢ )

in Proposition 2.5.

2.4.5 Quantum Serre theorem of Coates—Givental

Theorem 2.16 (Coates—Givental [4, Corollary 9]). The multiplication by c(E) defines a
symplectomorphism ¢(E): (H, £2¢k)) — (H, $2¢&v)) and identifies the twisted Lagrangian

cones:

C(E)E(C’E) IAC(C*'EV). O

For any y =) _,y*T, € H*(X), we write 9,:=Y ._;y*d, for the directional

derivative.
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Corollary 2.17. Let T; denote the tangent space of L g at Jg g)(t. —2) and let T;* denote
the tangent space of L vy at Je gv) (1, —2). Then we have the following equations:

(1) c(E)T, = T;(t), where f was defined in (2.7);

(2) ¢(E)0y Ji¢,E) (T, —2) = (O¢myut, Jior, B) (T*, =2 |r+=p(r) fOr @ =0, 1, ..., 5. O

Remark 2.18. Exchanging the twist (¢, E) with (¢*, EV) in the above Corollary, we obtain
¢*(EY)200(E) Jior ) (T, 2) = Jo. 1) (F(2), 2)

where f(r)=Y"5_ (T, c(E))©F )T, This is exactly [4, Corollary 10]. O

Proof of Corollary 2.17. (1) Theorem 2.16 implies that c(E)T; is a tangent space to the
cone L gv). Therefore, by the discussion in the previous section Section 2.4.3, ¢c(E)T;

equals T with o given by the intersection point:
(1+H_)ﬂc(E)Tr={1—%+0(z‘2)}. (2.12)

Note that

N

1
o2 e, ) (T, —2) = €7 (E) — — 3 (T, ¢*(E))
a=0

T,

"c(E)

+0(z7%

lies in T;. Multiplying this by ¢(E), we obtain the intersection point in (2.12) and we have
o = f(t) as required (recall that c(E)c*(EY) =1).

(2) By part (1), the vector ¢(E)d, Jc g (tr, —2) belongs to the tangent space T;ﬁm of
L gv). It has the following asymptotics:

C(E)dyJe.r)(t,—2) =Cc(E)UT, + O(z ).

By the description of tangent spaces in Section 2.4.3, a tangent vector in Tt with this

asymptotics is unique and is given by (3¢&)ut, Jer.£v)) (T, —2) with t* = f(7). [ |

2.5 A proof of Theorem 2.11

We use the correspondence in Section 2.4.4 between quantum D-module and tan-
gent spaces to the Givental cone. Then Corollary 2.17 implies that the map
C(E): QDM g)(X) — f*QDM gv)(X) respects the quantum connection. Also it is
obvious that the map c(E) intertwines the pairings S¢ r) and f*Se+ gv). This shows part
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(2) of the theorem. Also part (2) of Corollary 2.17 implies, in view of (2.4)
C(E)Lc.p)(t,—2) ' Ty = Lic- g (f(z), —2) ' (C(E) U Ty)

fora=0,1,...,s. This implies the first equation of part (3). To see the second equation

of part (3), we calculate:
S%(u, v) = See.5) (W €(E) 'v) = Sc.) (Lc.5yUs Lic.py€(E) 'v)
=Sc.5)(Lic.eytt €(E) " (f*L(er.2))V) = S®(Lo.5y> (f*Licr £v))V)

where we used Proposition 2.5. Part (1) of the theorem is equivalent to part (2), as

explained in Remark 2.12.

3 Quantum Serre Duality for Euler-Twisted Theory

In this section we apply Theorem 2.11 to the equivariant Euler class e; and a convex
vector bundle E. By taking the non-equivariant limit, we obtain a relationship among the
quantum D-module twisted by the Euler class and the bundle E, the quantum D-module
of the total space of EY, and the quantum D-module of a submanifold Z C X cut out by
a regular section of E.

To ensure the well-defined non-equivariant limit, we assume that our vector
bundle E — X is convex, that is, for every genus-zero stable map f: C — X we have
H!(C, f*E)=0. The convexity assumption is satisfied, for example, if O(E) is generated
by global sections.

3.1 Equivariant Euler class

In this section, we take ¢ to be the C*-equivariant Euler class e,. Given a vector bundle
G, we let C* act on G by scaling the fibres and trivially on X. With respect to this

C*-action we have
kG

e (G) =) 2 'a(G)
i=0
where A is the C*-equivariant parameter: the C*-equivariant cohomology of a point is

H¢, (pt) = C[Al. Choosing e, means the following specialization:

log i ifk=0
Sk =
(=D Y k—1IA* ifk>0
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Although the parameters sx contain log A and negative powers of A, we will see that the
(e;, E)-twisted theory and (e} !, E¥)-twisted theory are defined over the polynomial ring
in A, and hence admit the non-equivariant limit A — 0. Here the convexity of E plays a

role.

3.2 Specialization of the Novikov variable

We henceforth specialize the Novikov variable Q to one. By Remark 2.3, the specializa-

tion Q =1 is well defined: one has
T, o5 Tglo_y € H(X) ® Cle™, s, 7]
L. (T, 2)|a=1 € End(H¥ (X)) ® Clz 'l[e™, s, t'l[z2]
f(©)]a=1 € HY(X) ® Cle?,s, '] see (2.7)

where Cle™, s, 7'l is the completion of Cle", ..., e, t°, ¢+, ... 5, s, 81, S2, .. .]. Since we
chose Ti,..., T to be a nef integral basis of H,(X,Z), we have only nonnegative inte-
gral powers of e’ , ..., e’ in the structure constants of quantum cohomology. The Euler-
twisted quantum D-module will be defined over C[Z][e™, t']. In what follows, we shall

omit (---)|g=1 from the notation.

3.3 Non-Equivariant limit of QDM(g, , g) (X)

Let e=1im, ,ge, denote the non-equivariant Euler class. We first discuss the non-
equivariant limit of QDM, g)(X). Recall the K-class Ey,q on the moduli space
Mo (X, d) introduced in Section 2.2.1. The convexity assumption for E implies that
Ey.q is represented by a vector bundle. Moreover, the natural evaluation morphism
Eoq— evjE at the jth marking is surjective for all j€{1,..., £}. Define Eo,q(j) by the

exact sequence:
0 — Eoud(j) — Eora — eV;E — 0 . (3.1)

We use the following variant of (e;, E)-twisted invariants (see [33]). For any y1,...,

ye € H®(X) and any k, ..., k, € N, we put:

e~ b4

k kj ke\(ey.E . .

A 7 VARV 0 Yo :=J, , vieviyi | e (Eoa())).
Mo (X, I \;_;

This lies in the polynomial ring C[A].
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Lemma 3.1 ([33]). Suppose that E is convex. The (e;, E)-twisted quantum product
T, o) Ty lies in H®(X) ® ClAlle™, '] and admits the non-equivariant limit T, ¢

Tﬂ = lim; _,o(T,, Of[e'”’E) Tﬁ) ([l

Proof. Recall that the twisted quantum product (2.1) is given by:

N

©.5) T, (er,E)
o' = s V2, ——— T.
V19, Y2 Z«Vl V2 eA(E)>>

a=0 T
From the exact sequence (3.1), we deduce that

€, (Eo,e,q)

W =€, (Eo,,a(3)).

Therefore, we have
S

y o)y, = Z((J/l, vz, To) &) T

a=0

and this lies in H¢(X) ® C[Alle™, 1. |

Lemma 3.2. Suppose that E is convex. For (c, E) = (e;, E), the map f(r) in (2.7) lies in
H®(X) ® Clrlle?, r'] and admits the non-equivariant limit f(r) :=1lim,_o f(7). O

Proof. Note that ¢*(EY)=e}(EY) in (2.7) equals e, (E)~!. Arguing as in Lemma 3.1, we

have
S

f@)y=) (T, I)=P1e.

a=0

The conclusion follows. ]

By Lemma 3.1, we deduce that the non-equivariant limit V©®# =1lim;_, o V& of

the quantum connection exists. Moreover, it can be completed in the z-direction in a flat

connection: 4
1
V;S,E) — ZBZ _ _(@(G,E)‘ge,E)) + eg

z z 2
where ¢©E is the Euler vector field:

S

deg T,
een =%" <1 - i ) T, + c1(TX) — c1(E). (3.2)

a=0

The non-equivariant limit Se g (u, v):= J"Xu(—z)Uv(z)Ue(E) of the pairing Se, r)

becomes degenerate. The pairing S, gy is not flat in the z-direction, but satisfies the
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following equation:
(e,E) (e,E) :
zBZS(e,E)(u, v) — S(e,E)(vzaz u, U) — S(e,E)(w Vzaz U) = —(dlm X — rkE)S(eAE)(u, v).

We refer to this by saying that S r) is of weight —(dim X — rkE). Note that 4™ X—kEg -

is flat in both 7 and z.
Definition 3.3 (cf. Definition 2.1). We call the triple
QDMe £)(X) := (H*(X) ® Clzle™?, '], V®E), S &)
the (e, E)-twisted quantum D-module. d

Remark 3.4. By a similar argument, the fundamental solution L, gy in Proposition 2.5

can be written as:

(e.E)
L, 5)(t,2)y =y — Z«ZW T» T

and therefore admits the non-equivariant limit L g). The fundamental solution for
V@D  including in the zdirection, is given by Lieg (r, 2z~ % 22 T¥=a® _A]l the prop-
erties of Proposition 2.5 are true for the limit (see [28, Section 2] for a more precise

statement). O

3.4 Quantum D-module of a section of E

In this section, we describe a relationship between the (e, E)-twisted quantum
D-module and the quantum D-module of a submanifold Z ¢ X cut out by a regular
section of E.
Let t: Z — X denote the natural inclusion. The functoriality of virtual classes
[20]
Mo (X, I Ne(Eora)= Y tIMoi(Z,d)I™"
L(d)=d

together with the argument in [18, Corollary 2.5; 33] shows that

Ky 0% F) o) = (1) oF, (Fya) (3.3)

for y1,y,€ H®(X). Define the ambient part of the cohomology of Z by
H} (Z)=Im(:: H*(X) — H*(Z)). Equation (3.3) shows that the ambient part H} ,(Z) is

closed under the quantum product e of Z as long as t lies in the ambient part.
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Definition 3.5. The ambient part quantum D-module of Z is a triple
QDMamp (Z) := (Hiy, (Z) ® Clzlle™, 7], V7, Sz)

where the parameter v =1; 4 7’ is restricted to lie in the ambient part H , (Z) and
Sz (u, v) = fz u(—z) U v(z). We complete the quantum connection VZ in the z-direction as
in Remark 2.4; then S; is of weight (— dim Z). O

Equation (3.3) proves the following proposition.

Proposition 3.6. The restriction map *: H*(X) — H.', (Z) induces a morphism between

the quantum D-modules
"1 QDMe,g)(X) — (¢*)*QDMamp (Z)

which is compatible with the connection and the pairing. O

3.5 Quantum D-module of the total space of EY

We explain that the non-equivariant limit of the (e, ', EV)-twisted quantum D-module is
identified with the quantum D-module of the total space of EV.

The (e;l, EY)-twisted Gromov-Witten invariants admit a non-equivariant limit
under the concavity (a bundle EV is said to be concave if for every non-constant genus-
zero stable map f: C — X, one has H°(C, f*EY)=0) assumption for EV and they are
called local Gromov-Witten invariants [2, 11, 12]. In this paper, we only impose the
weaker assumption that E is convex (see Remark 3.9). In this case, a non-equivariant
limit of (e;', EV)-twisted invariants may not exist, but a non-equivariant limit of the
twisted quantum product is still well-defined.

The virtual localization formula [14] gives the following proposition.

Proposition 3.7. For y, ..., y, € H®(X) and non-negative integers ki, ..., k;, we have
(e;'.EY) EY,Cx
A VA P I R (VR AN 2L A T

where the right-hand side is the C*-equivariant Gromov-Witten invariant of EY with

respect to the C*-action on EY scaling the fibres. O

The non-equivariant Gromov-Witten invariants for E are ill-defined in general
because the moduli space Mg ((E", d) can be non-compact. The following lemma, how-

ever, shows the existence of the non-equivariant quantum product of EV.
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Lemma 3.8. Let E be a vector bundle on X such that f*E is generated by global sections
for any stable maps f: C — X of genus g. Then the evaluation map ev;: Mg (EY,d) — EV
is proper for all i € {1, ..., ¢}. In particular, when E is convex, ev;: MO,K(EV, d) — EV is

proper. 0

Proof. The convexity of E implies that, for any map u: P! — X, u*E is isomorphic to
P;_, O(k) with k; > 0. Thus the latter statement follows from the former.

Let us prove the former statement. We start with the remark that, for every stable
map f: C — X, the evaluation map ev;: H°(C, f*EY) — E, at the ith marking x; € C is
injective. Suppose that a section s e H°(C, f*EV) vanishes at x;, that is, ev;(s) =0. For
every ue H°(C, f*E), the pairing (s, u) is a global section of O; which vanishes at x;.
Then (s, u) must be identically zero on C. Since f*E is generated by global sections, this
implies that s = 0. Hence we have shown that the evaluation map H°(C, f*EY) — E}(Xi) is
injective.

Giving a stable map to EY is equivalent to giving a stable map f: C - X
and a section of H°(C, f*EV). Therefore, by the preceding remark, the moduli functor
/\;lg,g(EV, d) is a subfunctor of Mg,g(X, d) x EY via the natural projection Mg,g(EV, d) —
/\;lg,g(X, d) and the evaluation map ev;: /\;lg,z(EV, d) — EV. Since /\;lg,((X, d) is proper, it
suffices to show that the map Mg ((EY, d) > My (X, d) x E” is proper. We use the valu-
ative criterion for properness (see [6, Theorem 4.19]). Let R be a DVR. Suppose that we
are given a stable map f: Cr — X over Spec(R) and an R-valued point v € EY(R). These
data (f, v) give a map Spec(R) — /\;lg,g(X, d) x EY. Suppose moreover that there exists a
section s € H*(Cg, f*EV) over the field K of fractions of R such that ev;(s) =v in EV(K),
where Ckx = Cgr Xspec(r) SPec(K). Then (f,s) defines a map Spec(K) — Mg,g(Ev, d) such

that the following diagram commutes:

Mg (EV,d) — Mg (X, d) x EY

V\
(f9) T > T (fiv)

Spec(K) ——— = Spec(R).

We will show that there exists a morphism Spec(R) — ./\;lg, ¢«(EY, d) which commutes with
the maps in the above diagram. Since /\;lg'g(Ev, d) is a subfunctor of /\;lg’g(X, d) x EY,
it suffices to show the existence of a morphism Spec(R) — /\;tg,g(EV, d) which makes the
upper-right triangle commutative, that is, v is the image of a section in H°(C, f*E"). Let

7 : Cr— Spec(R) denote the structure map and x;: Spec(R) — Cr denote the ith marking.
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Note that the composition Spec(R) - EY — X coincides with fo x;, since the two maps
coincide when we compose them with Spec(K) — Spec(R) (by the existence of s) and by
the separatedness of X. Thus v defines a section of x f*E", which we denote again by
v. We need to show that v is in the image of Rz, f*EY — x* f*E". Let p € Spec(R) denote
the unique closed point and let k(p) be the residue field at p. We claim that the maps
R, f*EY @grk(p) > H°(Cp, f*EY), H°(Cp, f*EY) — (x! f*EY) @ k(p) are injective. The
injectivity of the latter map has been shown. To see the injectivity of the former, we take
the so-called Grothendieck complex [31, Section 5, p. 46]: a complex G° — G! of finitely

generated free R-modules such that the sequences

0 —— R7,f*EY —— G° _®, G!

0 —— H%Cp, ffEY) —— G°@rk(p) —— G' Qrk(p)

are exact. Since R is a PID, the image of d° is a free R-module. Therefore

TorR(Imd°, k(p)) = 0 and we obtain the exact sequence:
0 —— (R7,f'EV) Qrk(p) —— G°Qrk(p) —— (Imd®) ®rk(p) — 0.

Now the claim follows. The claim implies that Rz, f*EY — x* f*EV is injective at the
fibre of p. Then it follows that the cokernel M of Rz, f*EY — x; f*E" is a free R-module.
In fact, let N be the image of Rz, f*EY — x’ f*EY; then the inclusion N C x{ f*E" induces
an injection N @z k(p) — (x f*EY) @z k(p). Because x f*E" is a free R-module, we have

the exact sequence

0 —— TorB(M k(p)) ——> NQrk(p) —— X f'E'Qrk(p) ——> MQQrk(p) —— o.

Therefore, Torf(M, k(p)) = 0; thus M is free. We know by assumption that the image of v

in M Qg K vanishes. Thus v has to vanish in M. The conclusion follows. |

Remark 3.9. The concavity of EY implies the convexity of E. This can be proved as
follows. For a stable map f: C — X of genus zero, we have H!(C, f*E) = H°(C, f*E¥ ®
wc)” by Serre duality, where w¢ is the dualizing sheaf on C. Suppose that EV is concave.
Since the degree of w¢ on a tail component of C is negative, a section of f*EY ® w¢ has
to vanish on tail components and defines a section of f*EY ® wc where C’ is obtained
from C by removing all its tail components. By induction on the number of components,
we can see that a section of f*EY ® w¢ vanishes and H(C, f*E¥ ® w¢) =0. O
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By the above lemma, we can define the quantum product of EY using the push-

forward along the evaluation map evs:

o) +3
v 1 - .
T, oF Ts = E E Eew* evi (T,)evy(Tp) l_[ ev’;(r) N[Mose(EY, DIV ] . (3.4)
deEff(EV) £=0 j=4

The quantum product ¢f" defines a flat quantum connection V#" as in Definition 2.1.
Definition 3.10. The (non-equivariant) quantum D-module of EV is a pair
QDM(E") = (H*(X) ® ClAle?, '], VF")

where the connection V' is completed in the z-direction as in Remark 2.4:

v 1 o deg
vfaz =20, — E(GE o)+ N

where ¢F:=3""_ (1 — 1 deg T)t"T, + c1(TX) — c1(E) is the Euler vector field (note that
this is the same as &©# in (3.2)). Here the standard identification H®(EY) = H*(X) is

understood. O
We conclude the following proposition.
Proposition 3.11. Suppose that E is convex. Define the map h: H®(X) - H®(X) by
h(t) =t + 7v/~1c1(E) (3.5)

Then we have

(1) The non-equivariant limit of V(© ") exists and coincides with VZ".

(2) The non-equivariant limit of V©-£") exists and coincides with h*VZ". O

Proof. Part (1) follows from Proposition 3.7 and the existence of the non-equivariant
quantum product for EV. To see part (2), notice a small difference between e: and e} ':

for a vector bundle G we have

€/(G) = —— = (~1)"kC

e.(GY) e_.(G)
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Since the virtual rank of (EY)g .4 equals rkE + c; (E)(d), we have

o0

1 (e1.EY) TY
> o Lo T Ty T T>O,n+3,dm

n=0

ZOO 1 rkE+c (E)(d) e}E) TV
= _|(_1) ! <TOH Tﬁa Ty’ Tv--'5T)O’;Lf|»3,d * v
—n e;(EY)

o 1 € }.EY) Vg
=2 (T T, Ty (D), - BN 5 g €3 (BT
n=0

where we used the divisor equation in the second line. This implies that the (e}, EY)-
twisted quantum product is the pull-back of the (e”}, EV)-twisted quantum product by

h. The conclusion follows by taking the non-equivariant limit A — O. |

Remark 3.12. The pairing Se;: ) does not have a non-equivariant limit. d

Remark 3.13. We can define the fundamental solution for the quantum connection of
EY using the push-forward along an evaluation map similarly to (3.4). Therefore, the
fundamental solution L 1 v, admits a non-equivariant limit LF". Using the formula

(2.5) and an argument similar to Proposition 3.11, we find that

L(e:LEV)(h(T)a Z) — L(eI,EV) (T, Z) o e—ﬂ«/jlm(E)/Z

and thus

LE (h(1),2) = lim L e; (7. 2) o eV la®/z, (3.6)

Then LE (1,27 #z21T%-a® js a fundamental solution of V' including in the

z-direction. O

3.6 Non-equivariant limit of quantum Serre duality

We will state a non-equivariant limit of Theorem 2.11 when c is e, and E is a convex
vector bundle. From Sections 3.3 and 3.5, the quantum D-modules QDM, z)(X) and
QDM¢; £v)(X) have non-equivariant limits, and the limits are, respectively, QDM g)(X)
and A*QDM(EY). The map f in (2.7) also admits a non-equivariant limit by Lemma 3.2.

The quantum Serre pairing in Definition 2.10 has an obvious non-equivariant limit:
5% : QDM ) (X) x (ho f)*QDM(E") — Clzlle™?, ']

defined by S (u, v) = [, w(—2) U v(2).
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Theorem 3.14. Let E be a convex vector bundle on X. Let h be the map in (3.5) and let f

be the map in Lemma 3.2.

(1) The pairing S® is flat in the r-direction and is of weight (— dim X).
(2) The map e(E)U: QDM g (X) — (ho f)*QDM(EY), o+ e(E) U« respects the

quantum connection in the r-direction and is of weight rkE, that is,

V.e(E)=e(E)V,

V5, e(E) = e(E)Vy, + Tk(E)e(E)

for V'=(ho f)*VE and V=V©&BH,

(3) The fundamental solutions in Remarks 3.4, 3.13 satisfy the following rela-

tions:
e(E) o Le.p)(t. 2 =L (ho f(r),2) "V 9B/ 5 o(E)
(1. e VTIOB/Z) = (Lo, gy (r. —2)11. LE (W(F(D)). D))
where (u, v) = [, uU v is the Poincaré pairing. O

Proof of Theorem 3.14. Almost all the statements follow by taking the non-equivariant
limit of Theorem 2.11. Note that part (3) follows from Theorem 2.11 (3), Remarks 3.4,
3.13, and Equation (3.6). What remains to show is the statement about weights of S
and e(E). Regarding ¢©®, ¢F" (see (3.2)) as vector fields on H®'(X), we can check that
(ho f),¢©E = ¢E' Therefore,

de - . _ Y
gri= V" + Vi =20, + € 4 Tg = ((ho PV )z, + (ho H*VE)een.
On the other hand, we can check that

(20, + ¢©E) S (y, v) — §B(gru, v) — S®(u, grv) = —(dim X)S% (u, v).

The flatness of S% in the ¢©¥) -direction shows that S® is of weight — dim X. The dis-

cussion for e(E) is similar. [ |

Let Z C X be the zero-locus of a transverse section of E and let (: Z — X be the

inclusion map. We consider the following conditions for Z.
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Lemma 3.15. The following conditions are equivalent:

(1) the Poincaré pairing on H; , (Z)=Im(*: H*¥(X)— H®(Z)) is non-
degenerate;

(2) we have the decomposition H®(Z) = Kert, @ Im:*;

(3) «* induces an isomorphism H®'(X)/Ker(e(E)U) = HYY, (Z). O

Proof. (1)= (2): it suffices to see that Kert, N Im:* = {0}. Suppose that « € Ker:, N Im¢*.
Then for every *g € H.Y\ (Z) we have ("B, ) = (B, 1.a) = 0. By assumption we have o =0.
(2) = (3): we have t*« = 0 if and only if t,t*a¢ = e(E) U « = 0. Therefore, Ker(:*) = Ker(e(E)U)
and part (3) follows. (3) = (1): since (t*a, *B) = (a, t.t*B) = («, e(E) U B), the kernel of the

Poincaré pairing on H;, (Z) is «*(Ker(e(E)V)), which is zero. |

Remark 3.16. The conditions in Lemma 3.15 hold if E is the direct sum of ample line
bundles by the Hard Lefschetz theorem. They also hold if X is a toric variety and Z is
a regular hypersurface with respect to a semiample line bundle E on X by a result of
Mavlyutov [29]. O

Corollary 3.17. Suppose that E is a convex vector bundle on X and Z C X be the zero-
set of a regular section of E satisfying one of the conditions in Lemma 3.15. Then
the morphism e(E)U: QDM z)(X) — (ho f)*QDM(E") in Theorem 3.14 factors through

QDMamp(Z) as:
e(E)U )
QDM g (X) — (ho /)*QDM(EY)

(t*)*QDMamp(2)

In particular, ¢, : (t*)*QDMamp(Z) — (ho f)*QDM(EY) respects the quantum connection in
the 7-direction and is of weight rkE. O

Proof. We already showed that (* is a morphism of flat connections in Proposition 3.6.

It suffices to invoke the factorization of the linear map e(E)U:

e(E)U

H®(X) H®(X)

' $ / (3.7)

HY, (Z) = H*(X)/Ker(e(E)V) (]
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Remark 3.18. Recall that for a general non-compact space, the Poincaré duality pairs
the cohomology with the cohomology with compact support. This analogy leads us
to think of QDM g)(X) as the quantum D-module with compact support of the total
space EV. O

Remark 3.19. It would be interesting to study if ¢, always defines a morphism of quan-

tum D-modules without assuming the conditions in Lemma 3.15. O

4 Quantum Serre Duality and Integral Structures

In this section, we study a relation between quantum Serre duality for the Euler-twisted
theory and the I"-integral structure studied in [17-19, 28]. The I"-integral structure is a
lattice in the space of flat sections for the quantum connection, which is isomorphic to
the Grothendieck group K (X) of vector bundles on X. After introducing a similar integral
structure in the Euler-twisted theory, we see that the quantum Serre pairing is identi-
fied with the Euler pairing on K-groups, and that the morphisms of flat connections
in Corollary 3.17 are induced by natural maps between K-groups. In this section, the

Novikov variable Q is specialized to one (see Section 3.2).

Recall 4.1. Recall the classical self-intersection formula in K-theory. Let j: X< Y be a
closed embedding with normal bundle N between quasi-compact and quasi-separated

schemes. In Theorem 3.1 of [36], Thomason proves that we have for any [V] € K(X)

JJVI=[A_1N"]-[V] (4.1)
where
V1._ kr A karVv
Do NY1= ) (—DMARNYT € K(X). -
k>0
Definition 4.2. For a vector bundle G with Chern roots §;, ..., §,, we define the [-class
to be

re=[Tra+s.

i=1

We also define a (27+/—1)-modified Chern character by

Ch(G)=(2n«/—1)¥ch(G)=i @27V =15; -

i=1
Suppose that E is a convex vector bundle on X. Let Z C X be a submanifold cut

out by a transverse section s of E. For the (twisted) quantum connection V, we write
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KerV for the space of flat sections:

KerV©®E = (s e H*(X) ® Clztlle®, t'Illog 2] : V& Fs =0},
KerVZ ={se HY, (Z) ® Clz"]le™, 7'lllog 2] : Vs =0},
KerV? = {se H*(X) ® Clz*lle®, 'lllog 2] : VE s =0}.
Definition 4.3. The K-group framing is a map from a K-group to the space of flat sec-
tions defined as follows:

(1) for the twist (e, E), the K-group framing Z©® : K(X) — KerV©¥ is:

1 o (T
zeB(W) = Lo, 2z £ pm0-a® LI oy ),

(zn\/__l)dimX—rkE ’ F(E)

(2) for a smooth section ZcX of E, the K-group framing
zamb. g 1(Z) — KerV< is

1 deg A
zab = — 171,27z 2 2TD[(TZ)Ch(V):
(271’ /_l)dlmZ

(3) for the total space EV, the K-group framing Z¥ : K(X) — KerV¥' is

v ]. v deg A
ZEWy=—————— LEF (1,227 2 2T0-a® ~(TEV)Ch(V).
(27.[ /_l)dlmEv

where Kamp(Z) =Im(*: K(X) — K(Z)) and L%, LE" are the fundamental solutions for Z
and EVY, respectively. Recall from Remarks 2.7, 3.4, and 3.13 that these formula define a

section which is flat in both 7 and z. O
Proposition 4.4. For any vector bundles V, W on X, we have
X (V@ W) = (=21/=19"™¥sS (2P (V)(z, "V 2), 2" (W) (ho f(1), 2)

where (V@ WY)= Zdlmx( 1) dimExt!(W, V) is the holomorphic  Euler

characteristic. O

Proof. This is analogous to [17, Proposition 2.10]. Since the pairing zii™ X% is flat, the

right-hand side is constant with respect to t and z. Evaluating the right-hand side at
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z=1, we obtain

1

de, v =5
(—27/—D)dimx (Liom(x, ~1) e ™I /Tl T0-a®ly, 1E (ho f(r), 1)y, )

with y; = %Ch(m, Yo = I(TX)[(EV)Ch(W), where (-, -) is the Poincaré pairing on X.

By Theorem 3.14(3), we find that this equals

1 de;
(=27 /—1)dimXx (e_ﬂﬁTg emVTl@IX—alE),, e=mV=la®) VZ) :
Since the adjoint of % is dim X — %, this is
1 - — deg
(2 /—T)dimXx (e, e ).

Using the following identities:
eV TIE M1 4+8)=r(1—-68) and eV 1% ch(W)=ch(W")

(ZN\/—_I)_dimXJ

X

y =J @rV=1) %y
X
deg deg 8
2a-1)"2T1+68)=2av-1)2T |1+ ——m
( ) ( )=( ) ( 2\/—_171)
with § a degree-two cohomology class, we deduce that the right-hand side of the propo-
sition is
n
Pi Pi
ch(V @ WY)e’/? F(1+—>F<1——>
JX ( ) 11:! 2J/-1m 2J-1n

where p1, ..., py are the Chern roots of TX and p =c¢;(TX) = p; + - - - + pn. Finally, we use
I'(x)I'(1 —x)=mn/sin(rx) to get

n
2 r (1 + L) r (1 - L) = Td(TX). 4.2)
11:! 2/-1m 2J-1m (%)
We conclude the proposition by the theorem of Hirzebruch-Riemann-Roch. |

The following proposition shows that the integral structures are compatible

with the diagram in Corollary 3.17.

Proposition 4.5. Let E be a convex vector bundle and Z C X be a submanifold cut out by

a regular section of E. Let t: Z <> X, j: X< EY denote the natural inclusions. Assume
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that Z satisfies one of the conditions in Lemma 3.15. Then the diagram in Corollary 3.17

can be extended to the following commutative diagram

J*Jx
K(X) K(X)
c(z)e(E)U
KerveE) Ker(fo h)*VE’
i ¥ /
‘ o2,
Ker(L*)*vamb
\\—\ Z@mb (—1)™*E det(E) @,
Kamp(Z) —
where c(z) = 1/(—27+/—12)™F, O

Proof. We first prove that the top square is commutative. Recall the following equation

from part (3) of Theorem 3.14:
e(E)L(e.5)(1,2) = LF (ho f(z), 2 e 1a®B/2e(E).
So it remains to prove that for any V € K(X), we have
(=27 /— 1) Eem/"1aE g(g)(TX)[(E)"'Ch(V) = I'(TX)[(EV)Ch(j* j.V)
This follows from (4.2) applied to the vector bundle E and from
chj*j,V=e(EV)TA(EY) 'ch(V), see (4.1).

The commutativity of the left square follows from the properties of the I"-class and the

following facts (see [18, Proposition 2.4] for the second property):

0 TZ *TX —— *E — (0 is exact;

Lt 20"y =" (Lie.p) (1, 2y) Yy € HY(X).

The identity j*j. = (—1)™F det(E) ® ..* implies that the right square is commutative. W
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5 Quantum Serre Duality and Abstract Fourier-Laplace Transform

In this section, we study quantum Serre duality with respect to the anticanonical line
bundle K;'. We consider the (e, K;')-twisted quantum D-module of X and the quantum
D-module of the total space of Kx. On the small quantum cohomology locus H?(X), we
identify these quantum D-modules with Dubrovin’s second structure connections with
different parameters o. We show that the duality between them is given by the second
metric g. Throughout the section, we assume that the anticanonical class —Kx = c¢;(X)
of X is nef and the Novikov variable is specialized to one (Section 3.2). We also set

n:=dimc¢ X and p := ¢ (X).

5.1 Convergence assumption

In this section, we assume certain analyticity of quantum cohomology of X. In Sec-
tions 5.2 and 5.3, we assume that the big quantum cohomology of X is convergent, that

is, the quantum product (with Novikov variables specialized to one; see Section 3.2)
T, e, T, cCle®, t'1=Cle",....e" . ¢+, ... ]
converges on a region U C H® (X, C) of the form:
U={teHYX,O):lef|<e(1<i<n),|t/|<e r+1<j<s).

For the main results in this section, we only need the convergence of the small quan-
tum product. This means that the quantum product T, e, Ty restricted to 7 =, to lie in

H?(X, C) converges on a region Uy, C H?(X, C) of the form
Usm = {12 € HX(X,C): e"| <e (1 <i <)) (5.1)

When X is Fano, that is, if —K is ample, the convergence of small quantum cohomology
is automatic because the structure constants are polynomials in e’ , ..., e" for degree

reason.

5.2 Quantum connection with parameter o

We introduce a variant of the quantum connection parametrized by a complex number

o. Consider the trivial vector bundle

F:Hev(}o X (U X Cz)
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over U x C,, where U is the convergence domain of the big quantum product in
Section 5.1, and define a meromorphic flat connection V) of F by the formula (cf.
Definition 2.1 and Remark 2.4)

1
VO((U) =0y + —(Tye;)
Z

- 1 1
@J:zg—E@%)+<M—§—a>
where p is an endomorphism of H¢(X) defined by
n . 1 .
w(Ty) = (|oc| — 5) T, with |«|= 5 degT,, n=dim¢ X.

Let (—): U x C,— U x C, denote the map sending (z, z) to (r, —z). We note the following

facts.
Proposition 5.1 ([15, Theorem 9.8(c)]). The Oyxc,-bilinear pairing
g: ()(EF V) x (F,VTI77) = Oy,
defined by g(T,,, Tp) = [, T., U T; is flat. O

Proposition 5.2 (see, e.g. [17, Proposition 2.4]). Let L(t, z) be the fundamental solution
for the quantum connection of X from Proposition 2.5 (with ¢=1, E =0). We have that

L(t, 2z #=2=9z2(TX) ig g fundamental solution of V© including in the z-direction. O

Remark 5.3. The variable z in this paper corresponds to z ! in Hertling's book [15,

Section 9.3]. For convenience of the reader, we made a precise link of notation with the
book of Hertling:

U=Ce,, D=2-n, V=—u—; (5.2)

O

Using the divisor equation, the inverse of the fundamental solution L(z, z) for X

(see (2.2)) can be written in the form:

T T8
L(t,2 'T,=e®*| T, + Z <Ta, v, T, z—ﬁw> e T (5.3)
(d,1)#(0,0) 0,l+2,d :
Be{0,...,s}

Denote by K”) the ath column of the inverse fundamental solution matrix for V@:

Kt 2=z "0 179L(¢, 27\ T,,.
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If we restrict T to lie in H?(X), we have the following expression.

Lemma 5.4. For any « € {0, ..., s} and 1, € H?(X), we have

efz+l’2(d)
KO (2. 2)= ) Nea(D)—

+p(@d—lal+ 2 +o
deEff(X)

where p =¢;(X) and

Tp
z—Y

Z;O<Ta, > dT/8 if d+#0:;
0,2,

N, 4(2) := (5.4)

Ty if d=0.

Proof. Restricting to H?(X) means setting ' =0 in (5.3). For d# 0 € Eff(X), we have

N

T, : T#
Nya(2) = Z( - ﬁh 2 dTﬂ =2 D AT ¥ Tposapy

p=0 k>0 p=0
By the degree axiom for Gromov-Witten invariants, only the term with k=n—|8| —
la| + p(d) — 1 contributes. Therefore, Z*N, 4(z) = N, 4(1)z »@+:-lD_ Using the fact that
74 o e™/Z =™ o z*, we deduce the formula of the lemma. |

5.3 The second structure connection

We introduce the second structure connection [8, lecture 3; 9, Section 2.3; 15, Section 9.2;
27,11, Section 1]. Let x be the variable Laplace-dual to z ! and let C, denote the complex

plane with co-ordinate x. Consider the trivial vector bundle
F=HY(X) x (U x Cy)

over U x Cy. The second structure connection is a meromorphic flat connection on the
bundle F defined by

. 1 _
VO =, + (M T2 “) ((Cor) =07 (Tor)
(5.5)
(o) 1 -1
VBX =0y — (M_ 5 _0> (o) —x)".

The connection has a singularity along the divisor ¥ Cc U x C:

Y :={(r,x) e U x Cy| det((¢e,) — x) =0}.
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The second structure connection has an invariant pairing called the second metric (or

the intersection form).
Proposition 5.5 ([15, Theorem 9.4.cl). The Oyxc,-bilinear pairing
9:(F, V) x (F, V") = Oy e, (2)
defined by (T, Tp) = fX T, U ((¢e;) — x)~' T} is flat. This is called the second metric. O

We now explain how the second structure connection V) arises from the
Fourier-Laplace transformation of the quantum connection V@1 (see [7, 1.b; 34, VI).
Consider the module M = H®(X) ® Oylz] of sections of the trivial bundle F which are
polynomials in z. The quantum connection V1 equips M[z~!'] with the structure of an

Oy (94, Z%, 3;)-module by the assignment:
9> VTV, 8> VD,
Consider the isomorphism of the rings of differential operators:
Ou(dy, 271, 3,1) = Oy (84, X, )

sending 9,1 = —2?3, to x and z ! to —dy. Via this isomorphism, we may regard M[z!]
as an Oy[x](d,, dx)-module. This is called the abstract Fourier-Laplace transform. The

subset M C M[z"!] is closed under the action of x= —2z23,, and thus becomes an Oy[x]-

submodule of M[z!]. Note that M[z '] is generated by M over Oy(x, dx) since z ! = —dy.

Regard T, € H®V(X) as an element of M. Under the abstract Fourier-Laplace transforma-

tion, we have
0% T, =V VT, =0 (Co, T)+(u+ 3 —0)T,
g - T, = Vg’_l)Ta =—0x- (Tp o, Ty)
Regarding (Ce.), i, (Tpe.) as matrices written in the basis {T,}, we obtain

[0xTo. . .., 0xTsl(x — Co) =Ty, ..., Tel(u — 3 — 0)

[aﬁTo, ceey aﬂTs] = —[8XT0, ey 8xT;](Tﬁ.‘[)

Inverting (x — €e,) in the first equation, we obtain the connection matrices for the second

structure connection V., In other words, writing O(F) for the sheaf of holomorphic
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sections of F which are polynomials in x, the natural Oy[x]-module map
OF)—> M, T,—T, (5.6)

intertwines the meromorphic connection V@ on F with the action of dx, 0, on M after
inverting det(x — €e;) € Oylx]. On the other hand, {T,} does not always give an Oyl[x]-
basis of M and the map (5.6) is not always an isomorphism. A sufficient condition for

the map (5.6) to be an isomorphism is given by a result of Sabbah [34].

Proposition 5.6 ([34, Proposition V.2.10]). Suppose that o ¢ —”%1 + Z>o with n=dim¢ X.
Then the second structure connection (F, V@) coincides with the abstract Fourier trans-

form of the quantum connection (F, v-D)y, that is, the map (5.6) is an isomorphism. O

5.4 Fundamental solution for the second structure connection

We will henceforth restrict ourselves to the small quantum cohomology locus H?(X).
We find an inverse fundamental solution for the second structure connection using a

truncated Laplace transformation.

Definition 5.7. Consider a cohomology-valued power series of the form:
K@z =z7" Z axz ¥
k

with g € H®(X) and y € H®(X), where z ¥ =e 71982, We assume that the exponent k
ranges over a subset of C of the form {ky, ko + 1, ky + 2, ...}. Let £ be a complex number
such that

e (—kyeZ and,
o O¢lko+1l.ko+2,....0—1}ifky<t—2.
We define the truncated Laplace transform of K(z) to be

Lap“)(K)(X) — Z akxfyfkfl 'y +k+1)
k

'y +4¢)
where note that
y+Oy+e+1)---(y+5k if k>¢;
Fly+k+1) _ if k=0 —1:
'y +0)
1
if k<¢-—2,

y+k+Dy+k+2)---(y+£-1)
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and the above condition for £ ensures that we do not have the division by y when k< ¢ — 2

and that this expression is well defined. O
The truncated Laplace transformation satisfies the following property:

Lap”(z7'K) = (—dy)Lap" (K)

Lap® (—29,K) = Lap¥ (3,1 K) = xLap' (K) (5.7)

Remark 5.8. Suppose that K(z) is convergent for all ze C*, R(ky) > —1 and that we have

M/z

an estimate |K(2)| < C e"/# over the interval ze< (0, 1) for some C, M > 0. Then we can

write the truncated Laplace transform as the actual Laplace transform:

~ Kz e ¥?d(z™). O

(0) — 1
Lap™(K)(x) = To+0 L

Proposition 5.9. Let ¢ be a complex number such that ¢ = %1 + o mod Z. Assume that
we have either ¢ ¢ Z.o or o ¢ %51 + Z_o. Then

(1) The truncated Laplace transform

K9 (12, ) :=Lap (K V(1. )

et @  I'(p+p(d —lo| + 5 +0)

= Y Nea(l) —
e xPTP(@—lol+  +o I'(p+0)

with 1, € H%(X) is well-defined. Here p =c(X), |a| = % deg T, and N, 4(1) is
given in (5.4).

(2) Under the convergence assumption for the small quantum cohomology of X
(see Section 5.1), I?é"’”(rz, x) converges on a region of the form {(r2,x): 1, €
Usm, |x| > ¢} where Uy, is a region of the form (5.1) and c € R..

(3) These Laplace transforms define a cohomology-valued solution to the second

structure connection V©, that is, the multi-valued bundle map
K@, (f", 6(")) — (ﬁ', d, T,— IZD(["’Z)

defined over {(r, x) € Usm x C: |x| > ¢} intertwines V) with the trivial connec-
tion d. |

Proof. The well-definedness of the truncated Laplace transforms Lap® (K1) follows

easily from Lemma 5.4 by checking the conditions in Definition 5.7. The coefficients
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N, 4(1) satisfy the following estimate [16, Lemma 4.1]:

1
|N, q(1)| < C;ClP@_—_ (5.8)
4 2 )

for some constants Cy, C; > 0 independent of « and d, where | - | is a fixed norm on H®'(X)
and H,(X). The convergence of the series K> follows from this.

Next we show that K9 gives a solution to the second structure connection.
Since K7V, @ =0,..., s are the columns of an inverse fundamental solution for V=1,

they satisfy the same differential relations as Tj:

_ _ 1 1
20, Ky Y, 20, K= (KD, K] (—;«m et - ">

. . . 1,1
Ky . 0p K V= [Kg . KTV (Tyer)

where we regard (€e.), u, (Tge,) as matrices written in the basis [Ty, T1, .. ., Ts]. Applying
the truncated Laplace transformation Lap'® to the above formulae and using (5.7), we

find the following equations:
[0xxKS", .., 0xxK 01 = [9:K57", ..., K01 (Ce) + K™, ..., KOl + L — o),
Ry V. KTV = 0KV, L KON,
[ﬂ 0 s ooy Oplig ]— [X 0 s ooy Oxfig ]( ﬂ.r)'
The first equation can be rewritten as
>(0,0) 0,07 _ [ 735(0.0) 50,01, 1 . -1
[0xKg s .o, 0x K7V =Ky, KT (e — 5 —0)(x — Cep) .

Together with the second equation, this implies that K(»*, « =0, ..., s define a solution

to the second structure connection V©@. [ ]

Remark 5.10. Note that the convergence region Uy, in the above proposition depends
on c. The real positive number ¢ can be chosen arbitrarily, but Usy, becomes smaller if

we choose a smaller c. U

5.5 Small twisted quantum D-modules

In this section, we study the (e, K;(l)—twisted quantum D-module ODM(e,K;)(X) and the
quantum D-module QDM(Ky) of the total space of Kx over the small quantum cohomol-
ogy locus H?(X) using quantum Lefschetz theorem [4].

Since ¢;(X) is assumed to be nef, the anticanonical line bundle K;(l is convex.
Therefore, by the results of Sections 3.3 and 3.5, the quantum D-modules QDM g1, (X)
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and QDM(K) are well-defined. We shall see that, under the convergence assumption
for the small quantum cohomology in Section 5.1, the quantum connections for these
quantum D-modules are convergent on a region Ugy, C H?(X) of the form (5.1). Therefore,

we have the following small quantum D-modules:

SQDM, ¢.1(X) := (H*(X) ® Oy, xc,» V", Seu)
(5.9)
SQDM(Kx) := (H*(X) ® Oy, xc,, V%)

where Ve = vVE©Ex) is the (e, K)}l)—twisted quantum connection, Sy = S(&K;(]) is the
(e, Ky')-twisted pairing Seu(u,v)= [, u(—2) Uv(z) Up, and V!°°=VEx is the quantum
connection of Kx. The superscript “eu” means “Euler” and “loc” means “local”. We denote
the fundamental solutions (in Proposition 2.5) for these quantum D-modules by
Leu(t,2) = L(e’K}—(l)(T, Z) (see Remark 3.4)
Lioo(t, 2) = L%*(1,z) (see Remark 3.13)
where the Novikov variable is set to be one. For a smooth anticanonical hypersur-

face Z C X, we can similarly consider the small ambient part quantum D-module of Z
(cf. Definition 3.5):

SQDMamp (Z) := (Hgy,(Z) ® Oy, xc,, V7, Sz).

Definition 5.11. Forwa €{0, ..., s}, we put

p(d)
LMt 2) =% ) Noa(@e™ [ ](o+k2
deEff(X) k=1
p(d-1
L (.2 =e" Y Nya@e™® ] (—p—ka)
deEff(X) k=0
where recall that p = ¢;(X) and we set ]_[ﬁg)(p + kz) = z(z%)_l(—p —kz)=1 for d=0. We
call I the (e, Ky')-twisted I-function of X and I'*° the I-function of Kx. 0

Remark 5.12. (1) The large radius limit is the limit:

N(t2(d)) > 0 for Vde Eff(X) \ {0}.
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With our choice of co-ordinates, the large radius limit corresponds to el > 0forl <i<r.

The I-function satisfies the asymptotics
(13, 2) ~ €%°T, and  I,(tz, 2) ~n €%/,

under the large radius limit (the subscript “Ir]” stands for the large radius limit). There-
fore, they are linearly independent in a neighbourhood of the large radius limit.
(2) Put 9, := Y _}_, ppdp, Where p=c1(TX) =) }_, ppTp. We have

e VT2, 1°° (W), 2) = pI" (12, 2) (5.10
where h is the map in (3.5) with ¢ (E) =¢ (K;}l) =p. O

Lemma 5.13. Suppose that the small quantum product of X is convergent as in
Section 5.1. There exists a region Uy, C H?(X) of the form (5.1) such that the I-functions

IS (12, 2), I;OC(IZ, z) are convergent and analytic on Ugy x Cj. O

Proof. This follows easily from the estimate (5.8) and N, 4(2) = z‘(p@""")z‘%Na,d(l). [ |

1

For « =0, the I-functions I" and I)°° have the following z!-expansions:

1812, 2) = F (1)1 4+ G(12)z ' + 0(z7%),
(12, 2) =1+ H(rp)z ' + 0(z72),

where F(13) is a scalar-valued function and G(ty) and H(ty) are H?(X)-valued functions.
We define the mirror maps by

G(t2)

Mey (T2) 1= m,

Myoc(T2) 1= H(72). (5.11)

Note that F(1;) is invertible in a neighbourhood of the large radius limit point and the
mirror maps take values in H?(X). The mirror maps have the asymptotic m(zz) ~ 72
and thus induce isomorphisms between neighbourhoods of the large radius limit point.

Quantum Lefschetz Theorem of Coates and Givental [4] gives the following proposition:

Proposition 5.14. For any « €{0, ..., s}, there exist v, (12, 2), wy (12, 2) € H*Y(X) ® ClZ][e™]
such that

I%%(12, 2) = Ley(Meu(12), 2) 0y (12, 2),

I)°(13, 2) = Lioc(Mioc(T2), 2) "' we (T2, 2).
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Moreover, we have the asymptotics vy ~111 Ty, we ~1r1 T under the large radius limit, and
Ve, W, are homogeneous of degree 2|a| =deg T, with respect to the usual grading on
H®%(X), degz=2 and dege™ =0. d

Proof. We will just prove the equality for the (e, Kx')-twisted theory. The same argu-
ment applies to the other case. Coates and Givental [4, Theorem 2, see also p. 27 and 34]

introduced the following “big” I-function:

p(d)

s d
Q T
I(r,z)::zl+r+z Z —|< £ ,r,...,r> Tﬁl_[(p+k+kz)
B=0 (d,£)#(0,0),(0,1) z—y 0.+1.d k=1

and showed that I(zr, —z) lies in the Lagrangian cone E(e)”K;(l) of the (ey, K}}l)—twisted

theory. This is related to our I-functions as
I% (12, 2) = 3,1(7, 2)|1=1,, 0=1,2=0- (5.12)

Note that 9,I(r;, —z) is a tangent vector to the cone E(ebK;l) at I(rz, —2). Moreover,

90I(t2, —2) has the following expansion:
30l(t2, —2) = F(12) — 2 'G(12) + 0(z7?)

with F(rp) € ClQ, 2] and G(rp) € H(X) ® C[AI[Q, t2]. Therefore, d9I(ty, —2)/F (1) gives

the unique intersection point:
A+ H) N Ty -2 L, k5

Set T =G(tr2)/F(r2). The discussion in Section 2.4.3 shows that the tangent space at
I(ty, —2) is generated by 8aJ(e_MK§1)(f, —z)= L(e_A’K);l)(f, —2)7IT, over Clz, Al[Q, 1] (see (2.4)).
Therefore, there exists v, (17, 2) € H®V(X) ® Clz, Al[Q, 1,] such that

aaI(127 Z) = L(e;ﬂ[{};])(fa Z)ilvol (127 Z)'

It is easy to check that T — 7, and v, in fact belong to H®(X) ® Clz, Al[Q e™]. Under
the non-equivariant limit A — 0 and the specialization Q =1, T becomes mg,(72). Set-
ting vy (72, 2) = V4 (T2, 2)|3=0,0=1 and using (5.12), we obtain the formula in the propo-
sition. The asymptotics of v,(72,2) follows from the asymptotics of I$%(tz,2) in
Remark 5.12. The homogeneity of v,(t2, 2) follows from the homogeneity of I%(z;, z) and
Ley(12, 2). |
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Lemma 5.15. Suppose that the small quantum cohomology of X is convergent as
in Section 5.1. The flat connections V%, V!°¢ for the small quantum D-modules
SODM(E’K;)(X), SQDM(Kx) are convergent over a region Usy, C H?(X) of the form (5.1).

Also the functions v,, w, in Proposition 5.14 are convergent over the same region. O

Proof. We only discuss the convergence of the (e, K;')-twisted theory. The other case
is similar. From Lemma 5.13, it follows that the mirror map mey(72) is convergent on
a region of the form (5.1). Recall that L¢,(t2, z) is homogeneous of degree zero and
that Ley(t2,2) =id + O(z!). Recall also that v,(72,2) is homogeneous of degree 2|c|
from Proposition 5.14. Therefore, Lo, is lower-triangular and the matrix [vo,..., vl
is upper-triangular with respect to the grading on H®'(X). Therefore, the matrix
equation

| | | | I |

Y I o I8 | =Leu(mey(t2), 271 | 0§ o$t ... vt

in Proposition 5.14 can be viewed as the LU decomposition. Therefore, we can solve for
L.} and v, from [I§", ..., If"] by simple linear algebra, and Lemma 5.13 implies that both

Ley(Mey(12), 2) and v, are convergent. The conclusion follows. |

The above lemma justifies the definition (5.9) at the beginning of Section 5.5.

5.6 Second structure connections are twisted quantum connections

We show that the small quantum D-modules SODM(qu;{l)(X) and SQDM(Kx) correspond
to the second structure connections V("z") and V(~""), respectively.

By the divisor equation, the quantum connections V¢, VI°° are invariant under
the shift 7 — t + 27+/—1v with v € H%(X, Z). Therefore, the small quantum D-modules

descend to the quotient space
Usm/27v—1H*(X, 2) = {(q", ..., q") € (C*) :|¢'| <€).

Since the I-functions I¢%, I°° satisfy the equation I(ty + 27+/—1v,2) = e27V/=1v/z] (1, the
mirror maps m=me, Or My, satisfy m(r, + 274/ —1v) =m(1y) + 27/ —1v; therefore, the

mirror maps descend to isomorphisms

Meutoc: Ul /27 —1HA(X, Z) > UL, /2n/—1H?(X, Z)
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between neighbourhoods U,, U, of the form (5.1). Define the maps ey, i0c by

m’
Teu(T2, X) = Mey (12 — plog x),

(5.13)
Tloc(T2, X) = Myoc(T2 — plogx + 7/ —1p).

Choosing smaller U, if necessary, each of 7, and . defines a map

UL, x {(xeC*:|x| > ¢} — UL, /2nv/—1H*(X, 7).

m

We need to choose sufficiently small large radius limit neighbourhoods of the form (5.1)

which may vary in each case: we denote by U/, U, for such neighbourhoods.

m’

Theorem 5.16. Suppose that the small quantum cohomology of X is convergent as in

Section 5.1. We have the following isomorphisms of vector bundles with connections:
v v hl ~
Yeu: (F, VOZ ) |y xqin=a) = 70y SADM g g1y (X) =1
v v _hl ~
Yioc: (F, VT2 ) w(xi=q) = 7115 SADM(Kx)| 21

where, as discussed above, we regard SODM(e’K};])(X), SQDM(Ky) as flat connections on

the quotient space U/, /27 +/—1H?(X, Z). These maps are given by the following formu-

lae:
Veu(Tw) = (=5, V™))" (x vy (12 — plog x, 1)) (5.14)
I/floc«—?é,f%))'“'i’a) =we (12 — plogx+nv/~=1p, 1) (5.15)
O

Proof. To show that Yy 10c intertwines the connections, we compare the solution K@
to the second structure connection from Proposition 5.9 with the inverse fundamental

solution L7}

eu/loc of the small quantum D-modules. More precisely, we check the commu-

tativity of a diagram of the form:

¥
(F, V), xiixi=a 7*SQDM]| =
MX‘ 4nstant factor) =L,
(F,d
n+1 n+1

and £ =0 for o = — %=,

for suitable ¢; we shall take £ =1 for o = s

2
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We define the O-module map v, by the formula (5.14) and show that it inter-

twines the connections. We have
Leu(Teu(t2, 0, D7 (=715, V¥ " (x ' va(z2 — plog x. 1))
= (—0)" " Leu(meu(r2 — plog x), ™' (x ' va(72 — plog x, 1))
= (=3 Ix 1™ (r, — plogx,1) (by Proposition 5.14)

e-,;2+1—2(d) p(d)+n—la|

—ZNad( )m l_[ (p+k (5.16)
d k=1
Nll—pﬂ ar e+ D +2)--(p+n— la]) € H=% (X, C) (5.17)

From Proposition 5.9, we deduce that the expression in Formula (5.16) is exactly
V(n+1 1)

K,

with connection. The asymptotics (5.17) at the large radius limit shows that it is an

(12, x). This implies that the morphism ., is a morphism of vector bundles

isomorphism.

Since {wy(12)} form a basis in a neighbourhood of the large radius limit, we can
define an O-module map v, such that the formula (5.15) holds. Note that 65:) has no
singularities on U, x {|x| > c} if we take the neighbourhood U, sufficiently small. We

have
—n/=1p 1 _ 1 F
e Lioc(m10c (T2, %), 1) we(t2 — plogx + 1lmp, 1)

= e_”ﬁ"Iolf’c(tz —plogx++/—1mp,1) (by Proposition 5.14)

en2tn2(d) G
_ZNad(l) —@ ]_[ (0+k (5.18)

~n Ty €7 X7, (5.19)
From Proposition 5.9, we deduce that the expression in Formula (5.18) is exactly

(- a)IaIK( )(‘L' X).

1

This implies that the morphism v, . is a morphism of vector bundle with connection.

The asymptotics (5.19) at the large radius limit shows that it is an isomorphism. |

Remark 5.17. By construction in the proof, we have

« onil
Yeu = Leu(Teu(t2, X), 1) 0 KUY
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Vloc = L1oc(Moc (T2, X), 1) €7 o K(_%I’O)-

with K@® in Proposition 5.9. In particular, we have the following formula for ¥1o(T,):

To+T12(d) p(d)—la|-1 k
_ V=1np et Hk:—oo (o + k)
oc(Ty) = Lioc(m10c(T2, X), 1) | € N, q(1 . (5.20)
Y1oc(To) = Lioo (oo (72, X) )[ de A T L 4 B
(Il

5.7 Quantum Serre duality in terms of the second structure connections

In this section, we see that the quantum Serre duality between QDM k. 1)(X) and
QDM(Kx) from Theorem 3.14 can be rephrased in terms of the second structure con-
nections. As a corollary, we obtain a description of the quantum D-module of an anti-
canonical hypersurface Z C X in terms of the second structure connection. When X is
Fano, this gives an entirely algebraic description of the quantum connection of Z.

We begin with the following lemma.

Lemma 5.18. Let f be the map in Lemma 3.2 and h be the map in (3.5) in the case where

E =K' The map ho f relates the two mirror maps (5.11) as

(ho f)(Meu(12)) = Mo ((12)).

In particular ho f|g2x, is convergent and gives an isomorphism between neighbour-

hoods of the large radius limit point of the form (5.1). d

We will postpone the proof of the lemma until the end of this section. Consider
the quantum Serre pairing S® from Theorem 3.14 in the case where E = K;'. By the

above lemma, ho f preserves H?(X) and therefore S° induces a flat pairing
S9:sapM,, ki (X)]=1 x (Ro H*SADM(Kx)|,—1 — Oy,

Combined with the V*flat shift (—1)% : SQDMq g1, (X)|,1 = SQDMq 1) (X)|,——1, We

obtain a flat pairing
P:SQDM g1 (X)|=1 x (ho H*SADM(Kx)|,—1 — Oy,
deg
defined by P (u v) =J ((—I)Tu) Uw. (5.21)
X

The second structure connections satisfy a certain “difference equation” with respect to

the parameter o. It is easy to check that we have the following morphism of meromorphic
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flat connections [15, Theorem 9.4.b]:

Ap: (F, VD) s (F, V@)

Tor— Vi Ty =—(u— 3 —0)(€ o —x) ' T3,

This is an isomorphism over (Ugy x Cy) \ X if u — % — o is invertible, that is, if o ¢
(—nl _nol nly
L

2 2"
Lemma 5.18 shows that (ho f o mey) (T2, X) = Moc(72, X). Thus the pairing (5.21)

induces the flat pairing
P: 73,8QDM, 1) (X)|z=1 X TjpeSQDM(Kx)|z—1 —> Oy, (5.22)
We also have the morphism of flat connections
p: w5 SADM, g1 (X)|z—1 —> 7} SODM(Kx)| 21 (5.23)
induced from the morphism in Theorem 3.14 (2).

Theorem 5.19. Via the isomorphisms ey, ¥1oc in Theorem 5.16, the pairing P (5.22)
coincides with (—1)""'g, that is, P(Yeu Ty, Y10cTp) = (—1)""' §(T,,, Tp) and the morphism p

(5.23) coincides with the composition:

ntl
2

A=(=)™'A s 0A w100 Auns: (F, VO s (F,VET)),

Moreover, we have

, R o
9<V1,Vz>=(—1)"“J (DT KU Dy ) URTE Oy,
X

Ié(f%l’o) oA=po Ié(%l’l)

for yy, y, € H¥(X). O

Proof. First, we prove that P corresponds to (—1)""!g. Since both pairings are flat, it is
enough to compare the asymptotics of P(Yeu Ty, Y10cTp) and g(T,, Tp) at the large radius

limit. Since the quantum product equals the cup product at the large radius limit, we
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have
g(Tas Tﬂ)|x=1 ~lrl _J 1- 0)71 UT, U Tﬂ
X

_J PPy T, UTy if a4 1Bl <m
_ . (5.24)

0 otherwise.

We then compute the asymptotics of P(Yeu(Ty), Y10c(Tp)). By Remark 5.17, after some

computation, we find

p(d)+n—|a|

(—1)“‘2*1/feu(Ta)|X_1=Leu<meu(rz>,—1)[Z((—l)“?z\ra,du))e”“2@ I1 (—p+k)]
d

k=1
(5.25)

We have already found a similar formula (5.20) for v10c(T,). In view of Lemma 5.18,
Theorem 3.14 (3) gives the identity:

(Leu(Meu(T2), =271, Lioc(Mioc(h(12)), 2)y2) = (y1, e~V 17/%y,)

for y, y» € H®(X), where (u,v)= quU v is the Poincaré pairing. Therefore, Equa-
tions (5.25) and (5.20) give

n—|c| _k
P (Yrea (Ta). V1oe(T3)) lx1 ~in (—1>"J AV AT A
X 10— k)

To have non-zero asymptotics, we must have |¢| + |8| <mn; in this case, the right-hand
side is
n—|a|

(—1)”J T, UTsU ]_[ (p—k = (-1)”{ T, U Ty U p =18l
X k=IB1+1 X

Comparing this with (5.24), we deduce that P(Yeu Ty, Y10cTp) = (—1)™' §(T,,, Tp). Note that

the above computation shows

deg ~ (2 1) 5 (—21,0)
P(weuTaa WIOCTﬁ) = (=)7K, )u K/s .
X

We deduce the equality of the pairings.
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Next, we prove that the morphism p corresponds to A, that is, p o Yey = Y1oc © A.
Recall from Remark 5.17 that ey, ¥10c are given by

Veu = Leu(Teu(t2, ), 1) 0 K7V,
— S (— Ml

VYloc = Lioc(Toc (T2, X), 1) enﬁp oKz 0,

Therefore, it suffices to prove the following formulae:

P © Leu(Teu (T2, X), 1) = Lioc(Mi0c (T2, X), 1) eﬂ\/jl'o °op,

ntl1
2

p o KT DR 0,7,

The first equation follows from Theorem 3.14(3) in view of Lemma 5.18. To see the second

equation, it suffices to prove
poRUED RSO ang ROHO __gE0 54
The first formula is immediate from the definition. To see the second, we calculate:
K794, T,) = KOOV T,) = (K70 T,) = 9, K70 = —K7 0.

The conclusion follows. [ |

Combined with Corollary 3.17, the above theorem implies the following

corollary.

Corollary 5.20. Let Z be a smooth anticanonical hypersurface of X that satis-
fies one of the conditions in Lemma 3.15. Then the small quantum D-module

(t* 0 7en)*SADM gy (Z)| =1 Of Z is isomorphic to the image ImA of the morphism:
A (F, 6(%1))|Us'mx{|x\>c} — (F, 6(_%1))|U5'mx{|x\>c}-
where (* o ey is regarded as a map
0 Ten: ULy x {|x] > ¢} — (UL, )27~/ —1H*(Z, 7).
The isomorphism sends A(T,) € Im(A) to *Yeu(Ty) € (¢* 0 Tey)*SADMamp (Z) | z=1- O

Remark 5.21. Recall that the conditions in Lemma 3.15 are satisfied for an anticanonical

hypersurface if X is Fano. O
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Proof of Lemma 5.18. We consider the following equivariant I-functions (cf.
Definition 5.11):

p(d)
M. 2)=€%* > Nya@e” @ [[(o+1+k)
deEff(X) k=1
p(d)—-1
¢ (1y, z) = ™/% Z N, q(z) €@ H (=p— A —k2)
deEff(X) k=0

and define the equivariant mirror maps mf,, m{ . as in (5.11). By exactly the same argu-

ment as Proposition 5.14, we have that

Ia?u')\(fz, z)= Leu,A(méu(tZ)’ Z)flv;”(‘[z, 2),
(5.26)

loc, A A —-1...x
Iaoc (T2a Z) = LlOC,l(mloc(‘Cz)s Z) w, (TZ’ Z)

for some v:(t2,2), wl(t2,2) € H¥(X) ® ClA, Zl[e™]. Here we set Leus =L, g1y and

Lioc. = Lg-! gy Similarly to (5.10), we have the following relationship:
e ™V (z0, + NI (W(1p), 2) = (p + WIS (12, 2). (5.27)
We compute both sides of this equation. By (5.26), the left-hand side equals
eI X(20, 4+ 1) Lioo (Mg (A(12)), )~ w) ((T2), 2)

=e VAL (il (W(T2)), 2) D (12, 2) (5.28)

where W} (12, 2) is obtained from w, (h(t2), 2) by applying z((m], o h)*V(eii’KX))p + A and is
an element of H®(X) ® C[A, zl[e™2]. On the other hand, by (5.26) again, the right-hand
side of (5.27) is

(0 + M) Leus(Miy(12), 2)  05(12, 2)
= L(e”;,Kx)(f(m';u(Tz)), z) ' (p + MVl (12,2 (by Theorem 2.11(3))

=e V2L (R(F(mk (12))), 2N (p + 2)v)(12.2)  (by Remark 3.13). (5.29)
Comparing (5.28) and (5.29), we obtain

LIOC.}\.(Téﬂ Z)ilwé(":Z’ Z) = LIOC,K(Té/a Z)il(p + )\)Ué(fz’ Z)
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with t; =m], _(h(12)) and t) = h( f(m},(12))). Since (p + M)v} (12, 2), « =0, ..., s form a basis

of H*(X) and w! (3, z) does not contain negative powers of z, we find that
Lloc,x(fé, Z)Lioc,» (Té/v Z)_l

does not contain negative powers in z. By the asymptotics Lioc (7, 2) =id + O(z1), we
must have Lioc (75, 2) " = Lioc 1 (75, 2)~'. The asymptotics Lioc; (1,2 '1=1+1/2+ 0(z?)

shows that t; = 7;. The conclusion follows by taking the non-equivariant limit. |

Remark 5.22. Consider the family of connection V("2 *% for ke Z. Via the morphisms

Ay, we have:

> (ntl P . > (ntl . .
e forkeZ.o, V2 ™0 is isomorphic to V(*z") as meromorphic connections;

A n+1 . . . A n+1 . .
e forkeZ.y, V&2 7 is isomorphic to V(~"2") as meromorphic connections.

Theorem 5.16 above gives a geometric interpretation of these two connections.
It would be interesting to understand the intermediate connections V® for

ke{(-%51, ... =) O

5.8 Hodge filtration for the second structure connection

The small quantum D-modules SODM(EVK;)(X) and SODM(Kx) restricted to z=1 have a
natural filtration, called the A-model Hodge filtration [5, Section 8.5.4; 30, Lecture 7], and
these small quantum D-modules are variations of Hodge structure. In this section, we
identify the corresponding filtration on the second structure connection. See [22-24, 35]
for related studies on the Hodge structure for local quantum cohomology.

We follow the notation in Theorem 5.16 and write U, and U/, for large radius
limit neighbourhoods in H?(X) on which (respectively) the second structure connection

(F,V©) and our small quantum D-modules are convergent.

Definition 5.23. We define the subbundle F? of the trivial bundle H*(X) x U/, — U,
by
FP:= H=*"2P(X) x Ul

and call it the A-model Hodge filtration. Because the small quantum product preserves

the degree:

(e.Kxh)

deg(T, e, * " Tp) = deg(T,) + deg(Tp)

deg(T, oix Ts) = deg(T,) + deg(T,)
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the filtration satisfies Griffiths transversality with respect to the small quantum

connections:

VEYWFPyC FP7! and VI°°(FP)c FP!
for o with |¢| = 1. The Hodge filtration also satisfies the following orthogonality:
P(FP, F"Ptly—0

with respect to the pairing P in (5.21); in other words, the A-model Hodge filtrations on
SQDM(Kx)|,-1 and SQDbM, K}—(l)(X)|Z:1 are annihilators of each other. O

Next we introduce a filtration on the second structure connection.

Definition 5.24. Consider the second structure connection (F, 6(*%1)) restricted to

the small parameter space U, x C. Define FP to be the Ou, xc,(xX)-submodule of

loc
O(ﬁ')(*E) generated by
(V2T o <k <n-— p).
Define F& to be the g-orthogonal of ﬁ'f;;p *1 that is,
FP ={(s€ O(F)(xX): §(s,y) =0, )Vy € F P},

These are decreasing filtrations. O

Lemma 5.25. The filtrations FP , FE satisfy the Griffiths transversality:

loc’

VEERD b, o @ FE and VO FL c @), o @ FET. O
Proof. It suffices to prove the Griffiths transversality for F10c We write V for VET to
save notation. The inclusion V, Ff c Floc is obvious. We prove V4 FP C FP- ! for g with
|B] = 1. Take o and k € Z- satisfying |o| <k<n— p. We have
V() T = () T = ()% (1 + 2) (€0 = 07" Ty o0 T,
= (Vo) Ty e, T, (5.30)

Since p =c;(X) is nef, the small quantum product T; e, T, is a linear combination of
classes of degree less than or equal to 2|«| + 2. Therefore, the expression (5.30) lies in
Fprl, ]
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Theorem 5.26. There exists a small neighbourhood U, of the form (5.1) such that we
have

Vioo(FP) = FP,  ou(FP)=FP

loc

over U/, x {|x] > c}, where 1o, Yey are the isomorphisms in Theorem 5.16 and FP is the
A-model Hodge filtration of SODM(qu;)(X)|Z=1 or of SODM(Kx)|z1. O

Proof. Since the A-model Hodge filtration satisfies the orthogonality, it suffices to show
that yioc(Ff

o) =FP. When |¢| <k<n— p, we have

Vloe (Vo) T) = (= 1)1 (. V)3 ) M w, (2 — plog x + nv/—1p, 1)

n+1

where V=V("2), This belongs to FP by the Griffiths transversality for the A-model
Hodge filtration. Considering the case k=|«¢|, we can see that these sections
span FP. |
Remark 5.27. It follows from the above theorem that the filtrations 15'1130, FP are
subbundles over U/, x {|x] > c} with U, sufficiently small. It would be interesting
to study where they are not subbundles, and how we can extend them along the

singularity X. O

Let Z C X be a smooth anticanonical hypersurface. The small ambient part quan-
tum D-module SQDM,,,(Z) also admits the A-model Hodge filtration

<2(n—1)—2
FP=pH="" Pz)yx ul,.

amb

Combined with Corollaries 3.17 and 5.20, we obtain the following corollary.

Corollary 5.28. Suppose that an anticanonical hypersurface Z of X satisfies one of the

conditions in Lemma 3.15. Under the isomorphism
(1" 0 7o) "'SADMamp (Z) =Im(A: (F, V3)) — (F, V)

in Corollary 5.20, the A-model Hodge filtration FP on SQDMy,(Z) corresponds to

A(FE™), which is contained in FP,. -

6 Quintic in P*

In this section, we make our result explicit in the case of X=P* and E = O(5). This
example was also studied by Dubrovin [9, Section 5.4]. Let H = c;(O(1)) € H?(P*) be the
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hyperplane class and let t denote the co-ordinate on H?(P*) dual to H. We use the basis

{To, T, T», T3, T} = {1, H, H?, H*, H*)

of H®(P*%). The small quantum connection of P* is given by

VeV =0+ 27 (Hey),

where

H.tI

o O O ~ O
o O ~ O O
o = O O O

6.1 Fourier-Laplace transformation

= O O O O

VeV =23, — z '5(Hep) + (u+ 3 —0)

e’ -2 0 0 0 O
0 0O -1 0 0 O
0|, =] 0 0 0 O
0 0 01 0
0 0 0 0 2

We illustrate the Fourier-Laplace transformation in Section 5.3 for the small quantum

connection of P*. We write 9;, zd, for the action of the small quantum connection Vg’_l),

v;g;”, respectively. We have

0 To=2z Ty,
0T =2z 'Ty,
0T, =2 'Ts,
9T =2z 'Ty,

9, Ta=e'z 1Ty,

20, To=-5z""T1 — (6 + )T
z3,Ty =5z 'T, — (0 + )Ty
20,T,=-52"T; — (c — DT
20,Ts=-52"'"T, — (0 — ) T;

20,Ty=—-5¢€'z'Ty — (0 — DTa

Under the Fourier-Laplace transformation z3, = xd, + 1 and z~! = —3,, we have

0tTo = (—0x) 11,
0:Th = (—0x) T,
0t T) = (—0x) T3,

0t T3 = (—=0x) Ts,

x3xTo = 5Ty — (0 + )T
x0,Ty =50, T, — (0 + )T
x0T =50,T3 — (0 + DT

X0xT3 =50xTs — (0 — 3)Ts

W Ta=e' (=00 To, x0xTa=5€e'0To— (0 — T, (6.1)
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These formulas define the second structure connection V©:

5%e! 5%elx 5%2e'x* Helx*  elx
x* 5%e’ 5%ex 5%elx® bHelx?
?;f’) =9+ ﬁ (u 1 0) 5x3 x* 5%e!  B3elx 5Zelx?
52x* 5x° x* 5%e!  53elx
5 5%x*  b5x° x* 5% el

x* b5%e! Blelx 5Zefx? Helx
5x3 x* 5%el B3elx B2elx?

. 1 1
V{ga) = 3X BT <,LL - = — U) 52X2 \"._)X3 X4 54 et 53 etX
sref—x 2 53x 52x2 Bx° x* 54 et
54  53x 52x? 5x3 x*

The second structure connection has poles along the divisor ¥ ={5%e! — x> =0}. We
replace all the dy-actions in the second column of (6.1) with the d;-actions using the

first column and deduce:
e 'x0,; Ty = (50 +0 + Tp
x0,To= (50 +0 + Ty
x0Ty = (50, +0 + T2
x0T, =(50;+0 — 3)T;
x0T = (53 +0 — T,
From this we find the following differential equation for Tp:
((x0;)° — €' (59; + 0 + ) (50 + 0 + L) (B0 + 0 + 3)(50; + 0 + £)(5d; + 0 + 3)Th=0. (6.2)
A direct computation on computer (we used Maple) shows the following lemma.

Lemma 6.1. Let F denote the trivial H*(P*)-bundle over C% = H2(P*) x Cy. Suppose that

o ¢{—3,-1 1 2} Then the second structure connection (O(F)(xX), V®) is generated by

To =1 as an O(xX)(3;)-module and is defined by the relation (6.2). O

6.2 Euler-twisted and local (small) quantum D-modules

Recall from Theorem 5.16 that the second structure connection corresponds to the

(e, KD;,I)—tWisted theory for o =g and to the local theory for o = —%. For these cases,
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the differential Equation (6.2) specializes, respectively, to

Dey = (x9;)° — €'(59; + 9)(50; + 8)(59; + 7)(50; + 6)(53; + 5) (for o =3),

Dioo := (x3)° — €'(50; + 4)(53; + 3)(50; + 2)(53; + 1)(53;) (for o =—3).

The I-functions in Definition 5.11 are given by

o0

= Y gl CH ko)
d=0 ML, (H + k2)°

00 5d—1
1t = 3 e g (ZOH ko)
d=0 [T (H + k2)®

The mirror maps (5.11) are given by

t
Meu(t) =1t + gli ; Mioe(t) =t + ga(e)

where we set

& 46! aGD!_ [ &1 B a, 1.a(6d—1!
go(e") = Zetd,)5, 1<t)—Zetd,)5 (Z — . gEhH= 52 R i

m=d+1

We define, as in (5.13),

5
Teu(t, X) =mey(t —5logx) =t —5logx+ %
Toc(t, X) =Myoe(t — 5log x + 574/ —1) =t — 5log x + 5w/ —1 + go(—e'x7°).

These maps converge when |e!x°| < 57°. Theorem 5.16 and Lemma 6.1 together give the

following isomorphisms:
75, SQDM; g1y (BY) =1 = (O(F), VE) Z O(3,) /O (3) Deu,
7175 SQDM(Kps) |1 = (O(F), VD) = 0(3;) /O(8,) Dio

over the region {(t, x) e C?: |e’x %] < 57%).

6.3 The small quantum D-module of a quintic

Recall from Theorem 3.14 and (5.23) that we have a natural morphism:

5H : 77,SQDM, g1, (B*) — 75, SQDM(Ki)
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By Theorem 5.19, this corresponds to the map A between the second structure connec-
tions. Since A maps Ty in (F, V(2)) to (—0,)5Tp = e '05 Ty in (F, V(- 2)), the above morphism

corresponds to the map:
8: O(0:)/O(01) Doy — O(35)/O(35) Dioe,  Lf (L. %, 9)1 > [ f(t, x, 8) e*971.
This is well-defined since De, €792 = 32 e 7! Dyoc. By Corollary 5.20, we have
7%, SQDMamp (Z) = Im(s).

for a quintic hypersurface Z c P*. We can therefore view SQDM,mp(Z) either as a quo-
tient of the Euler-twisted quantum D-module or as a sub-D-module of the local quantum

D-module. The former viewpoint yields a presentation:
7, SQDMamp (Z) = O(d;) /O(3) (x(x3;)* — 5 €(53; + 9)(53; + 8)(5d; + 7)(53; + 6))
and the latter yields a (more familiar) presentation:

75 SQDMamp (Z) = O(3;)/O(;) (x(x3)* — 5 €' (53; + 4)(53; + 3)(53; + 2)(53; + 1)).

6.4 Solutions

For the Euler-twisted theory (o = %), the cohomology-valued function

% Gt(H+d) ]_[5d+4(5H k)
@(t, X) = (_ax)4X_lIeu(t — 5lOgX, ]_) = k=1
0 ; X6H15d15 ngl(H'f' e

is a solution to the differential equation Dg,¢ =0; for the local theory (o = —%), the

cohomology-valued function

X Jt(H+d) l—[5d71(5H + k)
e
o(t, %) =1°°(t — 5log x 4+ 5/~ 17, 1) =V 1# k=0
X_(:) xbH+5d ng:1(H+k)5

is a solution to the differential equation D), = 0. These functions are the images of Ty,
respectively, under the maps K-V and e5"V-1# K(~3.9) in Proposition 5.9. In terms of the
quantum D-modules, these solutions correspond, respectively, to Ley (Teu(t, x), 1)~! and
Lioc(Tioc(t, X), 1)1

GTOZ ‘8 Jequeidas uo 1s9nb Aq /B10'sfeuuno [paojxo uiwi//:dny wouy papeojumoqd


http://imrn.oxfordjournals.org/

Quantum Serre Theorem as a Duality Between Quantum D-Modules 57

- -1
Table 1. Gromov-Witten Invariants Ng = (H?, l)ée’ZKc’l‘ )

d Ny

—650

—160,625

—-337,216,250/3

—217,998,840,625/2
—125,251,505,498,880
—479,299,410,776,921,825/3
—1,531,227,197,616,745,455,000/7
—1,260,949,629,604,284,268,280,625/4

0N O Ok W N -

6.5 Mirror maps and f

Recall from Lemma 5.18 that the two mirror maps are related as follows:

Moo (t + 5m/—1) = f(meu(2)) + 5 v/—1
Toe(t, X) = f(Teu(t, X)) + 5r/—1

where £ is the map appearing in Lemma 3.2:
e 1
e T\ (e.Kx)
Foy=t+) e™H T)5,4" .
d=1
Consider the exponentiated mirror maps and exp(f):

meu(et) 1= exp(Mey(t)), 9:nloc(et) = exp(Myoc(t)), F(et) = eXP(f(t))-

These maps are related by Mioc(—q) = —F (Meu(q)). Surprisingly, they have Taylor expan-

sions in q = e’ with integral coefficients [26, 37]:

Meu(q) = q + 770g° + 1, 014, 275q° + 1, 703, 916, 750q* + 3, 286, 569, 025, 625¢° + - - -
Mioc(q) = g — 120g* + 63, 900 — 63, 148, 000g* + 85, 136, 103, 750q° + - - -

F(q) = q — 650q% + 50, 625> — 5, 377, 000g* — 49, 529, 975, 000g° + - - - .

~ -1
We can also deduce the Gromov-Witten invariants Ny := (H?®, 1)&’2{{&‘ ' as in Table 1.
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6.6 Hodge filtration

Recall from Section 5.8 that we have Hodge filtrations on the second structure connec-

tions (F, V(?) and (F, V(%)) denoted, respectively, by FZ and Fp They are given by

v

Fl?)c:F’ Feou:ﬁ'

Fl = (To. 0xTo, 02T, 03T0),  Fh = (Fi)*
F2 = (To. 0xTo, 92T), FZ=(Fi)*
Flo=(To. 0xTo), F3=(F2)"

Fit,=(To) Fay=(FL)"

where | means the orthogonal with respect to the second metric g(y1,y2) = [ps 1 U

3.

(5H e; —x) 'y, and 9, means V, ? in the first column. Using Maple, we find that

F: =(To), F3 =(To,0xTo), F2 =(To,0xTo,d2T0), FL=(To,0xTo,d2To,dTp)
%
where 9, =V,*" and

To:=To — Bx'T + 2Bx?T, — 5,625x °T; + 15, 000x * T,
OxTo=—5x"Ty+ x 21 — 85%x 3T, + 22,875x *T3 — 60, 000x °Ty,
82Ty = 30x 2Ty — 1,030x 3Ty + 15, 500x *T, — 115, 500x° T3 + 300, 000x ° Ty,
33Ty =—210x 3Ty + 6,610x *T; — 95, 300x °T, + 697, 500x T3 — 1, 800, 000x " Ty,
33Ty =1, 680x *T, — 48, 680x °T; + 679, 000x T, — 4, 905, 000x ' T3 + 12, 600, 000x 8 T;.

One can check that Ty corresponds to a multiple of the twisted I-function I$® under the
solution in Section 6.4: we have KG-D(Ty) = 24x°I8(t — 5logx, 1).
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